MATHEMATICAL IDEAS AND NOTIONS OF QUANTUM FIELD THEORY

1. GENERALITIES ON QUANTUM FIELD THEORY

1.1. Classical mechanics. In classical mechanics, we study the motion of a particle. This motion is
described by a (vector) function of one variable, ¢ = ¢(t), representing the position of the particle as a
function of time. This function must satisfy the Newton equation of motion,

i=-U'q),

where U the potential energy, and the mass of the particle is 1. Another way to express this law of
motion is to say that ¢(¢) must be a solution of a certain variational problem. Namely, one introduces

the Lagrangian

q'2

L(g) =5 ~Ula)

(the difference of kinetic and potential energy), and the action functional

b
S(q) = / £(q)dt

(for some fixed a < b). Then the law of motion can be expressed as the least action principle: q(t)
must be a critical point of S on the space of all functions with given ¢(a) and ¢(b). In other words,
the Newton equation is the Euler-Lagrange equation for the solution of the variational problem defined
by S.

Remark 1. The name “least action principle” comes from the fact that in some cases (for example
when U” < 0) the action is not only extremized but also minimized at the solution ¢(¢). In general,
however, it is not the case, and the trajectory of the particle may not be a minimum, but only a saddle
point of the action. Therefore, the law of motion is better formulated as the “extremal (or stationary)
action principle”; this is the way we will think of it in the future.

Remark 2. Physicists often consider solutions of Newton’s equation on the whole line rather than
on a fixed interval [a, b]. In this case, the naive definition of an extremal does not make sense, since the
action integral S(q) = fR L(q)dt is improper and in general diverges. Instead, one makes the following
“correct” definition: a function ¢(t) on R is an extremal of S if the expression

d OL OL

— |s= L +s€dt:=/—é+—.é+~~-,

Tloo [ Loyt = [ (Gres Tree )
where e(t) is any compactly supported perturbation, is identically zero. With this definition, the
extremals are exactly the solutions of Newton’s equation.

1.2. Classical field theory. In classical field theory, the situation is similar. In this case, we should
think not of a single particle, but of a “continuum of particles” (e.g. a string, a membrane, a jet of
fluid); so the motion is described by a classical field — a (vector) function ¢(x,t) depending on both space
and time coordinates (z € RY, ¢t € R). Consequently, the equation of motion is a partial differential
equation. For example, for a string or a membrane the equation of motion is the wave equation (¢ = 0,
where [J is the D’Alambertian 07 —v2A (here A is the Laplacian with respect to the space coordinates,
and v the velocity of wave propagation).

As in mechanics, in classical field theory there is a Lagrangian £(¢) (a differential polynomial in ¢),
whose integral S(¢) = [}, L(¢)dzdt over a region D in space and time is called the action. The law of
motion can be expressed as the condition that the action must be extremized over any closed region
D and fixed boundary conditions; so the equations of motion (also called the field equations) are the
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2 MATHEMATICAL IDEAS AND NOTIONS OF QUANTUM FIELD THEORY

Euler-Lagrange equations for this variational problem. For example, in the case of string or membrane,
the Lagrangian is

L(w) = 5(6% (Vo))

Remark. Like in mechanics, solutions of the field equations on the whole space (rather than a closed
region D) are extremals of the action in the sense that

d

— e Py drdt = 0,
dS| 0 /Rd+1 (u + SE) v

where ¢ is a compactly supported perturbation.

1.3. Brownian motion. One of the main differences between classical and quantum mechanics is,
roughly speaking, that quantum particles do not have to obey the classical equations of motion, but
can randomly deviate from their classical trajectories. Therefore, given the position and velocity of the
particle at a given time, we cannot determine its position at a later time, but can only determine the
density of probability that at this later time the particle will be found at a given point. In this sense
quantum particles are similar to random (Brownian) particles. Brownian particles are a bit easier to
understand conceptually, so let us begin with them.

The motion of a Brownian particle in R? in a potential field U : R? — R is described by a stochastic
process ¢ = q(t), ¢ = (q1, .. .,qa) € R%. That is, for each real t we have a random variable ¢(t) (position
of the particle at a time t), such that the dependence of ¢ is regular in some sense. The random
dynamics of the particle is “defined” as follows: ! if y : [a,b] — R? is a continuously differentiable
function, then the density of probability that q(t) = y(t) for t € [a, b] is proportional to e=5®)/* where
S(y) == f;(%y'z — U(y))dt is the action for the corresponding classical mechanical system, and  is the
diffusion coefficient. Thus, for given g(a) and ¢(b), the likeliest ¢(t) is the one that minimizes S (in
particular, solves the classical equations of motion § = —U’(g)), while the likelihood of the other paths
decays exponentially with the deviation of the action of these paths from the minimal possible.

Remark. This discussion assumes that the extremum of S at ¢ is actually a minimum, which we
know is not always the case.

All the information we can hope to get about such a process is contained in the correlation functions
< @i, (t1) . .. qi, (tn) >, which by definition are the expectation values of the products of random variables
qi, (t1) - - - @i, (tn) (more specifically, by Kolmogorov’s theorem the stochastic process ¢(t) is completely
determined by these functions). So such functions should be regarded as the output, or answer, of the
theory of the Brownian particle.

So the main question is how to compute the correlation functions. The definition above obviously
gives the following answer: given t1,...,t, € [a,b], we have

(1) <ai(tr) g, (tn) >= / @1 (1) -y, (t)e=5@/" Dy,

where integration is carried out over the space of paths [a,b] — R", and Dgq is a Lebesgue measure on
the space of paths such that [ e~ 5@/5Dg = 1. Such an integral is called a path integral, since it is an
integral over the space of paths.

It is clear, however, that such definition and answer are a priori not satisfactory from the mathe-
matical viewpoint, since the infinite dimensional integration that we used requires justification. In this
particular case, such justification is possible within the framework of Lebesgue measure theory, and
the corresponding integration theory is called the theory of Wiener integrals. (To be more precise, one
cannot define the measure Dg, but one can define the measure e~*(9/% Dg for sufficiently nice potentials

U(q))-

e put the word “defined” in quotation marks because this definition is obviously heuristic and not rigorous; see
below for more explanations
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1.4. Quantum mechanics. Now let us turn to a quantum particle. Quantum mechanics is notoriously
difficult to visualize, and the randomness of the behavior of a quantum particle is less intuitive and
more subtle than that of a Brownian particle; nevertheless, it was pointed out by Feynman that the
behavior of a quantum particle in a potential field U(q) is correctly described by the same model, with
the real positive parameter x replaced by the imaginary number ¢4, where i > 0 is the Planck constant.
In other words, the dynamics of a quantum particle can be expressed (we will discuss later how) via
the correlation functions

5, \t1) -+ - Qj,\ln) >= [ qj;\l1) .- qj, \ln e' q,
(2) < qj, (t1) (tn) > (1) (tn)e*@/"D
where Dgq is normalized so that [ e*5(@/"Dg = 1.

1.5. Quantum field theory. The situation is the same in field theory. Namely, a useful theory of
quantum fields (used in the study of interactions of elementary particles) is obtained when one considers
correlation functions

(3) < gbjl (.’L‘l, tl) Ce (bjn (.Tn7 tn) >= /(]5]'1 (&Chtl) A ¢jn ({L‘n, tn)eis(¢)/hD¢,

where D¢ is normalized so that [ eS@/MDg =1,

Of course, from the mathematical point of view, this setting is a priori even less satisfactory than the
one for the Brownian particle, since it involves integration with respect to the complex valued measure
e"3(9/"Dq, which nobody knows how to define. Nevertheless, physicists imagine that certain integrals
of this type exist and come to correct and interesting conclusions (both physical and mathematical).
Therefore, making sense of such integrals is an interesting problem for mathematicians, and will be one
of our main occupation during the course.?

20 be more precise, we will make sense of path integrals as power series in k or h.
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2. THE STEEPEST DESCENT AND STATIONARY PHASE FORMULAS

Now, let us forget for a moment that the integrals (1,2,3) are infinite dimensional and hence problem-
atic to define, and ask ourselves the following question: why should we expect that when the parameter
k or h goes to zero, we recover the usual classical mechanics or field theory? The answer is that this
expectation is based on the steepest descent (respectively, stationary phase) principle from classical
analysis: if f(x) is a function in R? then the integrals [ g(z)e=/@/*dz, [ g(x)e'/@/Pdz “localize” to
minima, respectively critical points, of the function f. As this classical fact is of central importance to
the whole course, let us now discuss it in some detail.

2.1. The steepest descent formula. Let f, g : [a,b] — R be smooth functions.

Theorem 2.1. (The steepest descent formula) Assume that [ attains a global minimum at a unique
point ¢ € (a,b), such that f"(c) > 0. Then one has

b
(4) / gl@)eF @ gy — B2~ FOM (),

: _ g(c)
where I(h) extends to a smooth function on [0,00) such that I(0) = \/ﬂm
Proof. Let I(h) be defined by the equation (4).

Let € be a real number, such that % > ¢ > 0, and let I; (k) be defined by the same equation, but with
integration over [c — hz~¢ ¢+ hz~¢]. It is clear that I(h) — I1(h) is “rapidly decaying in k" (i.e. it is
O(RN),h — 0 for any N). So it suffices to prove the theorem for I (h).

Further, let us make in the integral defining I; (%) the change of variables y = (x — ¢)/v/h. Then we
get

h—‘,
(5) L(h) = / glc + yV/R)e@-Ter/m/n gy,

—h—¢€

Now, note that the integrand is a smooth function with respect to /A for A > 0. Let I>(h) be the
same integral as in (5) but with integrand replaced by its Taylor expansion in Vvh at 0 modulo AY.
Then |I;(h) — I(h)| < CRN~C.

Finally, let I3(h) be defined by the same integral as Is(A) but with limits from —oo to co. Then
I5(h) — I3(h) is rapidly decaying in h.

Thus, it suffices to show that I3(%) admits a Taylor expansion in /2 modulo #¥~¢, and that the
value at zero is as stated. But we know that I3(%) is a polynomial in v/A. Also, the integrals giving
coefficients of non-integer powers of i are integrals over R of odd functions, so they are zero. So the
first statement (existence of the Taylor expansion) is proved. The value I3(0) is given by the integral

oo //(C) 2
sle) [~ ey,

— 00

so it is computed from the well known Poisson integral:

0 2
/ e_dey = V2.

— 0o

The theorem is proved. (I

2.2. Stationary phase formula. This theorem has the following imaginary analog, called the sta-
tionary phase formula.

Theorem 2.2. Assume that f has a unique critical point ¢ € (a,b), with f"(c) # 0, and g vanishes
with all derivatives at a,b. Then

b
/ g(@)elf @/ Mgy — B2 F O/ ()

a

where I(h) extends to a smooth function on [0,00) such that I(0) = Qﬂei”/‘l‘ 9 where + is the

V()]
sign of f"(c).
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Remark. It is important to assume that g vanishes with all derivatives at the ends of the the
integration interval. Otherwise we will get some additional boundary contributions.

Proof. (sketch). The proof is analogous to the real case, but slightly more subtle. The differences are as
follows. First of all, the Poisson integral is replaced with the (conditionally convergent) Fresnel integral

o) iy? )
/ e’ dy = 2me™/4,

Further, one should partition ¢ in a sum of two smooth functions, one localized around ¢ on an interval
of size 2h'/?~¢, and the other vanishing near ¢. Next, one needs to show that only the first summand

matters, by using Riemann’s lemma: if f has no critical points in the support of g then f:g(x)eif(“’)/h
is rapidly decaying (prove this!). Finally, for g localized around ¢, ones makes the change of variable
like in the real case. The statement about existence of Taylor expansion is proved as in the real case,
and the value at 0 is calculated using Fresnel integral. O

2.3. Non-analyticity of I(h) and Borel summation. It is very important to note that the Taylor
series for T(h) is usually not convergent and is only an asymptotic expansion, so that the function I is
smooth but not analytic at zero. To illustrate this, consider the integral
o0
/ e~ TF Ay — IR I (h),
— 00
where

_y2+ny?
2

I(h):\/%/_ooe dy.

The latter integral expands asymptotically as
I(h) =Y anh",
n=0

where

B (_1)n e ] —y2/2 y4n B (_1)n il 1
a"_—\/ﬁ /_Ooe 2nn!dy——\/%Z 2F(2n+2)/n!.
It is clear that this sequence has superexponential growth, so the radius of convergence of the series is
Zero.

Remark. In fact, the non-analyticity of I(#) is related to the fact that the integral defining I(h) is
divergent for i < 0.

Let us now discuss the question: to what extent does the asymptotic expansion of the function I(#)
(which we can find using Feynman diagrams as explained below) actually determines this function?
Suppose that I (h) = 3,50 anh™ is a series with zero radius of convergence. In general, we cannot
uniquely determine a function I on [0, €) whose expansion is given by such a series. However, assume that
a; are such that the series g(h) = ), -, anh"/n! is convergent in some neighborhood of 0, analytically
continues to [0, 00), and has at most exponential growth as /i — co. In this case there is a “canonical”
way to construct a smooth function I on [0,e) with (asymptotic) Taylor expansion I, called Borel
summation of I. Namely, the function I is defined by the formula

I(h) = /000 g(Au)e ™ du

The fact that I has the Taylor expansion I follows from the fact that for ¢ > 0 one has

o0
/ e Fdr = nl.
0

For example, consider the series I = > onso(—1)"nlh™. Then g(h) = >°, 5 o(—=1)"A" = 1-+h Hence, the

Borel summation yields I(h) = [;° f;—ﬁuudu.
Physicists expect that in many situations perturbation expansions in quantum field theory are Borel
summable, and the actual answers are obtained from these expansions by Borel summation. The Borel

summability of perturbation series has actually been established in a few nontrivial examples of QFT.
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2.4. Application of steepest descent. Let us give an application of Theorem 2.1. Consider the

integral
o0
/ tsetdt,s > 0.
0

It is well known that this integral is equal to the Gamma function I'(s + 1). By doing a change of

variable t = sz, we get
(oo} oo
F(S + 1) — 25 T dy = e—s(m—logaﬁ)dm

gst1 0 o !

Thus, we can apply Theorem 2.1 for h = 1/s, f(x) = x — logz, g(z) = 1 (of course, the interval [a, ]
is now infinite, and the function f blows up on the boundary, but one can easily see that the theorem
is still applicable). The function f(x) = z — logz has a unique critical point on [0, 00), which is ¢ = 1,
and we have f"’(¢) = 1. Then we get

[(s+1)=s%"*V2rs(l1+ai/s+az/s*+---).
This is the celebrated Stirling’s formula.

2.5. Multidimensional versions of steepest descent and stationary phase. Theorems 2.1,2.2
have multidimensional analogs. To formulate them, let V' be a real vector space of dimension d with a
fixed volume element dz, and let f, g be smooth functions in a closed box B C V.

Theorem 2.3. Assume that f has global minimum on B at a unique interior point ¢, such that " (c) >
0. Then

(6) / g(@)e @y — jA2e= O/ (R,
B

where I(h) extends to a smooth function on [0,00) such that I(0) = (2m)%/? —=2)__

\/det f7(c)
Theorem 2.4. Assume that f has a unique critical point ¢ in B, such that det f(c) # 0, and that g
vanishes with all derivatives on the boundary of the box. Then

(7) / g(x)e! @My = pd/2ei /P (R,
B

where I(h) extends to a smooth function on [0,00) such that I(0) = (271')‘1/26”"/4%, where o

is the signature of the symmetric bilinear form f"(c).

Remark. In presence of a volume element on V, the determinant of a symmetric bilinear form is
well defined.

The proofs of these theorems are parallel to the proofs of their one dimensional versions. Namely,
the 1-dimensional Poisson and Fresnel integrals are replaced with their multidimensional versions — the
Gaussian integrals

[ P s = (o) e ),
1%
for a symmetric bilinear form B > 0, and

/ eiB(az,w)/2dx _ (271’)d/26m0(3)/4| det B|71/27
14

for nondegenerate-B. These integral formulas are easily deduced from the one-dimensional ones by
diagonalizing the bilinear form-B.
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3. FEYNMAN CALCULUS

3.1. Wick’s theorem. Let V be a real vector space of dimension d with volume element dz. Let S(x)
be a smooth function on a box B C V which attains a minimum at z = ¢ € Interior(B), and g be any
smooth function on B. In the last section we have shown that the function

I(h) = h_d/QeS(C)/h/ g(m)e‘s(’”)/hdx
B

admits an asymptotic power series expansion in f:
(8) I(h) = Ao+ Ath+ -+ Aph™ 4+ -+

Our main question now will be: how to compute the coefficients A;7

It turns out that although the problem of computing I (%) is transcendental, the problem of computing
the coefficients A; is in fact purely algebraic, and involves only differentiation of the functions S and g
at the point ¢. Indeed, recalling the proof of equation 8 (which we gave in the 1-dimensional case), we
see that the calculation of A; reduces to calculation of integrals of the form

/ P(x)e” B@2)/ 24y
1%

where P is a polynomial and B is a positive definite bilinear form (in fact, B(v,u) = (8,0,5)(c)). But
such integrals can be exactly evaluated. Namely, it is sufficient to consider the case when P is a product
of linear functions, in which case the answer is given by the following elementary formula, known to
physicists as Wick’s theorem.

For a positive integer k, consider the set {1,...,2k}. By a pairing o on this set we will mean its
partition into k disjoint two-element subsets (pairs). A pairing can be visualized by drawing 2k points
and connecting two points with an edge if they belong to the same pair (see Fig. 1). This will give k
edges, which are not connected to each other.

1 3 1 3

2 4 2 4

FIGURE 1. Pairings of the set {1,2,3,4}

Let us denote the set of pairings on {1, ...,2k} by IIx. It is clear that |IIx| = 52"7)1', For any o € I,

we can think of o as a permutation of {1,...,2k}, such that 02 = 1 and ¢ has no fixed points. Namely,
o maps any element ¢ to the second element o (i) of the pair containing 4.

Theorem 3.1. Let B~! denote the inverse form on V*, and let {1,... b, € V*. Then, if m is even,

we have 42
- 2
/ () .. Ay (x)e™ BE@D) 2y = (Clkitn Z H B (Ui, o(i))
v o€lly /2 i€{l,....,m} /o
If m is odd, the integral is zero.
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Proof. If m is odd, the statement is obvious, because the integrand is an odd function. So consider the
even case. Since both sides of the equation are symmetric polylinear forms in ¢y, ..., ¢,,, it suffices to
prove the result when ¢; = --- = ¢,,, = £. Further, it is clear that the formula to be proved is stable
under linear changes of variable (check it!), so we can choose a coordinate system in such a way that
B(z,z) = 22 4+ -+ - + 22, and {(z) = x1. Therefore, it is sufficient to assume that d = 1, and ¢(z) = .
In this case, the theorem says that

> 2k —x2/2 7., _ 12(%)!
[mx e ™ 2dy = (2m)Y/ TR

which is easily obtained from the definition of the Gamma function by change of variable y = z2/2. O

Examples.
27T)d/2
@)ty (@)e P 2y = | B ({4, ).
| n@taae o= Bt
/ 01 () o ()03 ()4 (x)e™ B2/ 2dy =
v
(27‘r)d/2

B7Y(l1,05)B7 (U3, 04) + B~ 1(1,03)B~ (b, Ly) + B~ (01, 04) B~ ({a, l3)).
m( (€1,£2) B~ (€3, 04) (€1,43) B~ (2, Ls) (€1,£4)B™ " (€2, 13))

Wick’s theorem shows that the problem of computing A; is of combinatorial nature. In fact, the
central role in this computation is played by certain finite graphs, which are called Feynman diagrams.
They are the main subject of the remainder of this section.

3.2. Feynman’s diagrams and Feynman’s theorem. We come back to the problem of computing
the coefficients A;. Since each particular A; depends only on a finite number of derivatives of g at
¢, it suffices to assume that ¢ is a polynomial, or, more specifically, a product of linear functions:
g=1"¥y... LN, {; € V*. Thus, it suffices to be able to compute the series expansion of the integral

<l Ay >= h*d/%S(C)/ﬁ/ Oy(x) .. Oy (x)e 5@/ My
B

Without loss of generality we may assume that ¢ = 0, and S(c¢) = 0. Then the (asymptotic) Taylor
expansion of S at ¢ is S(z) = M + .53 W, where B, = d"f(0). Therefore, regarding
the left hand side as a power series in 7, and making a change of variable z — x/v/A (like in the last
section), we get

z,...,3)

<li..40N >= hN/2 / él(.%') C EN(x)e_ B(ﬂ;,z) “2rss /2o Bl ! dx.
14

(This is an identity of expansions in i, as we ignored the rapidly decaying error which comes from
replacing the box by the whole space).

The theorem below, due to Feynman, gives the value of this integral in terms of Feynman diagrams.
This theorem is easy to prove but is central in quantum field theory, and will be one of the main
theorems of this course. Before formulating this theorem, let us introduce some notation.

Let G>3(N) be the set of isomorphism classes of graphs with N 1-valent “external” vertices, labeled
by 1,..., N, and a finite number of unlabeled “internal” vertices, of any valency > 3. Note that here
and below graphs are allowed to have multiple edges between two vertices, and loops from a vertex to
itself (see Fig. 2).

For each graph I' € G>3(N), we define the Feynman amplitude of T as follows.

1. Put the covector ¢; at the j-th external vertex.

2. Put the tensor —B,,, at each m-valent internal vertex.

3. Take the contraction of the tensors along edges of I', using the bilinear form B~!. This will
produce a number, called the amplitude of " and denoted Fr(¢y,...,¢nN).

Remark. If I is not connected, then FT is defined to be the product of numbers obtained from the
connected components. Also, the amplitude of the empty diagram is defined to be 1.
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Theorem 3.2. (Feynman) One has

2 @m® AR TR
<t1... LN >= — TA 2/ L\t -5 EN ),
VAT B 2, TAt(D)

where b(T') is is the number of edges minus the number of internal vertices of T.

(here by an automorphism of I' we mean a permutation of vertices AND edges which preserves
the graph structure, see Fig. 3; thus there can exist nontrivial automorphisms which act trivially on
vertices).

Remark 1. Note that this sum is infinite, but A-adically convergent.

Remark 2. We note that Theorem 3.2 is a generalization of Wick’s theorem: the latter is obtained
if S(x) = B(z,z)/2. Indeed, in this case graphs which give nonzero amplitudes do not have internal
vertices, and thus reduce to graphs corresponding to pairings o.

Let us now make some comments about the terminology. In quantum field theory, the function
< ly... 0y > is called the N-point correlation function, and graphs I' are called Feynman diagrams.
The form B~! which is put on the edges is called the propagator. The cubic and higher terms B, /m! in
the expansion of the function S are called interaction terms, since such terms (in the action functional)
describe interaction between particles. The situation in which S is quadratic (i.e., there is no interaction)
is called a free theory; i.e. for the free theory the correlation functions are determined by Wick’s formula.

Remark 3. Sometimes it is convenient to consider normalized correlation functions < #1 ... 4N >norm
=</{.. 4y >/ <0 > (where < @) > denotes the integral without insertions). Feynman’s theorem

-
&
- HC)

()
N\ )
N =

2

FIGURE 2. Elements of G>3(N)

FIGURE 3. An automorphism of a graph
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implies that they are given by the formula

l l sl Fr(¢ 4
<L1...£N Znorm= Z m F( Tyenos N),
PEGL,(N)

where G%3(V) is the set of all graphs in G>3(V') which have no components without external vertices.

3.3. Another version of Feynman’s theorem. Before proving Theorem 3.2, we would like to slightly
modify and generalize it. Namely, in quantum field theory it is often useful to consider an interacting
theory as a deformation of a free theory. This means that S(z) = B(z,z)/2 + S(z), where S(z) is the
perturbation S(z) = 3., <o gmBm (2,2, ...,x)/m!, where g, are (formal) parameters. Consider the
partition function

Z = h‘d/2/ e 5@y
\4

as a series in g; and A (this series involves only positive powers of g; but arbitrary powers of ; however,
the coefficient of a given monomial [], ¢;" is a finite sum, and hence contains only finitely many powers
of h).

Let n = (ng, n1,...) be a sequence of nonnegative integers, almost all zero. Let G(n) denote the set
of isomorphism classes of graphs with ny 0-valent vertices, ny 1-valent vertices, ne 2-valent vertices, etc.
(thus, now we are considering graphs without external vertices).

Theorem 3.3. One has
RO

_ o
77 Vaen Z(Hg) 2 TR

i IeG(n)

where Fr is the amplitude defined as before, and b(T') is the number of edges minus the number of
vertices of T'.

We will prove Theorem 3.3 in the next subsection. Meanwhile, let us show that Theorem 3.2 is
in fact a special case of Theorem 3.3. Indeed, because of symmetry of the correlation functions with
respect to f1,...,£¢N, it is sufficient to consider the case /1 = --- = £y = £. In this case, denote the
correlation function < ¢V > (expectation value of /). Clearly, to compute < ¢V > for all N, it is
sufficient to compute the generating function < et >:= 35 < ¢V > % But this expectation value is
exactly the one given by Theorem 3.3 for g; =1,7> 3,90 =¢g2 =0, 91 = —ht, By ={, By =0, By =0.
Thus, Theorem 3.3 implies Theorem 3.2 (note that the factor N!in the denominator is accounted for
by the fact that in Theorem 3.3 we consider unlabeled, rather than labeled, 1-valent vertices — convince
yourself of this!).

3.4. Proof of Feynman’s theorem. Now we will prove Theorem 3.3. Let us make a change of variable
y=uz/ Vh. Expanding the exponential in a Taylor series, we obtain

Z =Y Zn,

where

n;
= / e P %(—ﬁw‘l&(y,y’ sy My
4 [ : 7
Writing B; as a sum of products of linear functions, and using Wick’s theorem, we find that the value
of the integral for each n can be expressed combinatorially as follows.

1. Attach to each factor —B; a “flower” — a vertex with i outgoing edges (see Fig. 4).

2. Consider the set T of ends of these outgoing edges (see Fig. 5), and for any pairing o of this set,
consider the corresponding contraction of tensors —B; using the form B~!. This will produce a number
F(o).

3. The integral Z,, is given by

(2m)%/2 9;" (i-1)
9 Zn — [ Bz Fo’
®) Vdet B 1 (at)™in;! ;

%
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. 0-valent flower

-———— 1-valent flower

3-valent flower

FIGURE 4

Now, recall that pairings on a set can be visualized by drawing its elements as points and connecting
them with edges. If we do this with the set T', all ends of outgoing edges will become connected with
each other in some way, i.e. we will obtain a certain (unoriented) graph I' =T', (see Fig. 6). Moreover,
it is easy to see that the number F'(o) is nothing but the amplitude Fr.

It is clear that any graph I' with n; i-valent vertices for each ¢ can be obtained in this way. However,
the same graph can be obtained many times, so if we want to collect the terms in the sum over o, and
turn it into a sum over I', we must find the number of o which yield a given T'.

For this purpose, we will consider the group G of permutations of T, which preserves “flowers”
(i.e. endpoints of any two edges outgoing from the same flower end up again in the same flower). This
group involves

1) permutations of “flowers” with a given valency;

2) permutation of the i edges inside each i-valent “flower”.

More precisely, the group G is the semidirect product ([], Sn,) % (I[; S;"). Note that |G| =
[L; (@)™ n;!, which is the product of the numbers in the denominator of the formula (9).

FIGURE 5. The set T for 7 = (0,0,0,2,1,0,0,...) (the set of white circles)
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g T

FIGURE 6. A pairing o of T and the corresponding graph T

The group G acts on the set of all pairings ¢ of T. Moreover, it acts transitively on the set Pr of
pairings of T" which yield a given graph I'. Moreover, it is easy to see that the stabilizer of a given
pairing is Aut(I"). Thus, the number of pairings giving I is

[T, ()" !
Aut(D)]

Hence,
B [LEH ’~nl
Z ks Z |Aut(T Er.

Finally, note that the exponent of i in equation (9) is Zl(z / 2 — 1), which is the number of edges of T’
minus the number of vertices, i.e. b(I"). Substituting this into (9), we get the result.
Example. Let d =1,V =R, g; = g, B; = —z" for all i (where z is a formal variable), i = 1. Then

we find the asymptotic expansion

1 / g2 e 22k

o B S AED YD D

2m J - n>0 TeG(n,k) |Aut(F)‘
where G(n, k) is the set of isomorphism classes of graphs with n vertices and k edges. Expanding the
left hand side, we get

Z Z 2k 6,z2n2/2
p— ' 5
k T'eG(n,k) | Aut(I')] w
and hence
1 n2k
Z |[Aut()|  2Fk!In!’
reG(n,k)

Exercise. Check this by direct combinatorics.

3.5. Sum over connected diagrams. Now we will show that the logarithm of the partition function
Z is also given by summation over diagrams, but with only connected diagrams taken into account.
This significantly simplifies the analysis of Z in the first few orders of perturbation theory, since the
number of connected diagrams with a given number of vertices and edges is significantly smaller than
the number of all diagrams.
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/
Theorem 3.4. Let Zy = (j:t)(;; Then one has

hb(F)

n(z/Z) =Y _[[o" > mz«},

% I'eG.(n)
where Gc(n) is the set of connected graphs in G(n).

Remark. We agree that the empty graph is not connected.

Proof. For any graphs I'1, I's, let I'1T's stand for the disjoint union of I'y and I's, and for any graph I let
I'" denote the disjoint union of n copies of I'. Then every graph can be uniquely written as F’fl . Ffl,
where I'; are connected non-isomorphic graphs. Moreover, it is clear that Iy r, = Fr, Fr,, b(I'1Te) =
b(Ty) 4 b(2), and [Aut(Tf ... T} = Hj(|(Aut(1"j)|kjkj!). Thus, exponentiating the equation of
Theorem 3.4, and using the above facts together with the Taylor series for the function e®, we arrive
at Theorem 3.3. As the Theorem 3.3 has been proved, so is Theorem 3.4 ]

3.6. Loop expansion. It is very important to note that since summation in Theorem 3.4 is over
connected Feynman diagrams, the number b(I") is the number of loops in I minus 1. In particular, the
lowest coefficient in % is that of ™!, and it is the sum over all trees; the next coefficient is of A%, and
it is the sum over all diagrams with one loop (cycle); the next coefficient to # is the sum over two-loop
diagrams, and so on. Therefore, physicists refer to the expansion of Theorem 3.4 as loop expansion.

Let us study the two most singular terms in this expansion (with respect to i), i.e. the terms given
by the sum over trees and 1-loop graphs.

Let xg be the critical point of the function S. It exists and is unique, since g; are assumed to be
formal parameters. Let G()(n) denote the set of classes of graphs in G.(n) with j loops. Let

(n(z/20); =3 T19" X xm Aﬁr)'.

i reGG (n)
Theorem 3.5.
(10) (In(Z/Zo))o = —S(x0),
and
(11) (0(Z/Zo))1 = %m%.

Proof. First note that the statement is purely combinatorial. This means, in particular, that it is
sufficient to check that the statement yields the correct asymptotic expansion of the right hand sides of
equations (10),(11). in the case when S is a polynomial with real coefficients of the form B(z,x)/2 +
Z?{:O giBi(z,z,...,2)/i!. To do this, let Z = h~9/? fB e~ 5@)/h where B is a sufficiently small box
around 0. For sufficiently small g;, the function S has a unique global maximum point z¢ in B, which
is nondegenerate. Thus, by the steepest descent formula, we have

Z)Zy = e~ S@)/h(R),

where I(h) = ded%%(l +a1h + azh? + - --) (asymptotically). Thus,
41 det(B)
In(Z/Z) = — Al oln———— h).
n(Z/Zy) S(zo) + 5 ndetS”(xo) +O(h)
This implies the result. O

Physicists call the expression (In(Z/Zy))o the classical (or tree) approzimation to the quantum me-
chanical quantity 2ln(Z/Zp), and the sum (In(Z/Zy))o + A(In(Z/Zy))1 the one loop approzimation.
Similarly one defines higher loop approximations. Note that the classical approximation is obtained by
finding the critical point and value of the classical action S(x), which in the mechanics and field theory
situation corresponds to solving the classical equations of motion.
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3.7. Nonlinear equations and trees. As we have noted, Theorem 3.5 does not involve integrals
and is purely combinatorial. Therefore, there should exist a purely combinatorial proof of this theorem.
Such a proof indeed exists. Here we will give a combinatorial proof of the first statement of the Theorem
(formula (10)).
Consider the equation S’(z) = 0, defining the critical point xg. This equation can be written as
x = B(z), where
Bx) ==Y ¢:B 'Bi(x,x,...,2,7)/(i - 1),

i>1

where B~!: V* — V is the operator corresponding to the form B!,

In the sense of power series norm, 3 is a contracting mapping. Thus, zo = limy_.., 8~ (z), for any
initial vector € V. In other words, we will obtain xq if we keep substituting the series G(z) into itself.
This leads to summation over trees (explain why!). More precisely, we get the following expression for

Zo-
. jg
moZZ(Hgil) Z )m’

n reGO (n,1

where G(9)(n, 1) is the set of trees with one external vertex and n; internal vertices of degree i. Now,
since S(z) = B(x,x)/2 + > g:Bi(x, x,...,x)/i!, the expression —S(zg) equals the sum of expressions
(11 gg”)mftﬁ over all trees (without external vertices). Indeed, the term B(zg,zo)/2 corresponds to
gluing two trees with external vertices (identifying the two external vertices, so that they disappear);
so it corresponds to summing over trees with a marked edge, i.e. counting each tree as many times as it
has edges. On the other hand, the term g;B;(xo,...,xo)/i! corresponds to gluing i trees with external
vertices together at the external vertices (making a tree with a marked vertex). So Y g;Bi(xo, . .., zo) /!
corresponds to summing over trees with a marked vertex, i.e. counting each trees as many times as it
has vertices. But the number of vertices of a tree exceeds the number of edges by 1. Thus, the difference
—S(zg) of the above two contributions corresponds to summing over trees, counting each exactly once.
This implies formula (10).

3.8. Counting trees and Cayley’s theorem. In this section we will apply Theorem 3.5 to tree
counting problems, in particular will prove a classical theorem due to Cayley that the number of
labeled trees with n vertices is n"~2.

We consider essentially the same example as we considered above: d =1, B; = —1, g; = ¢g. Thus, we
have S(z) = ””2—2 — ge®. By Theorem 3.5, we have

n 1 N
> 9" 2 [Aut(T)] S(wo),
n>0 reT(n)

where T'(n) is the set of isomorphism classes of trees with n vertices, and xg is the root of the equation
S'(z) =0, ie x = ge*.

In other words, let f(z) be the function inverse to ze~* near x = 0. Then we have zo = f(g). Thus,
let us find the Taylor expansion of f. This is given by the following classical result.

Proposition 3.6. One has

n
flo)=> g"
n>1 (n B 1)
Proof. Let f(g) = anl an,g"™. Then
_ 1 [fe), 1 x —zy _
Ap = 2—7” g"+1 dg = 2—7” (l‘e—x)”‘f‘l d(l’e ) =
1 el —T nn—1 nn—2 nn—2
— Qe dr = - = .
27i " =1 (n=2)! (n-1)
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Now we find
~S(w0) = ~f(9)?/2+ geT®).
Thus

~(4/dg)S(s0) = ~(@)'(g) + 9e! 0 (g) + 1@ = et ~ L[0)
This means that

g a nn72
—S(zo) = mda = Z p g".

n>1

Z 1 B ,nn—Z
|[Aut(D)]  n!

reT(n)

This shows that

But each isomorphism class of unlabeled trees with n vertices has m nonisomorphic labelings.
Thus the latter formula implies

Corollary 3.7. (A. Cayley) The number of labeled trees with n vertices is n 2.

3.9. Counting trees with conditions. In a similar way we can count labeled trees with conditions
on vertices. For example, let us compute the number of labeled trivalent trees with m vertices (i.e. trees
that have only 1-valent and 3-valent vertices). Clearly, m = 2k, otherwise there is no such trees. The

relevant action functional is S(z) = % — g(x + 23/6). Then the critical point zq is obtained from the
equation g(z2?/2 + 1) — x = 0, which yields zo = 1mViz2g V;Zf. Thus, the tree sum (In(Z/Zp))o equals
1—(1—2g%)>3/2

(0(Z/Z0))o = ~S(a0) = ——— 7 1.
Expanding this in a Taylor series, we find
> (2n—1) ,
In(Z/Z) nt2
(In(Z/Z) E ) g

n=0
Hence, we get

1_(2K)!
k1)1

Corollary 3.8. The number of trivalent labeled trees with m = 2k vertices is (2k — 3)!! o
3.10. Counting oriented trees. Feynman calculus can be used to count not only non-oriented, but
also oriented graphs. For example, suppose we want to count labeled oriented trees, whose vertices are
either sources or sinks (see Fig. 7). In this case, it is easy to see (check it!) that the relevant integration
problem is in two dimensions, with the action S = zy — be® — ae¥. So the critical point is found from
the equations

e ¥ =a,ye " =b.

1 4
2 5
3 6

FIGURE 7. A labeled oriented tree with 3 sources and 3 sinks.
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Like before, look for a solution (x,y) = (x0,yo) in the form
r=a+ Z Cpga?b?,y = b+ Z dpqafbl.
p>1,g>1 p>1,g>1

A calculation with residues similar to the one we did for unoriented trees yields

edr+py gP1pe—t
Cpg = 27rz %fapﬂbqﬂda/\db 2 0 ?{}{xl’yq“ zy)dz N dy = 7( “ g
Similarly, dpq = % Now, similarly to the unoriented case, we find that —ad,S(x,y) = =z,
—b0pS(z,y) =y, so
P!
—S(z,y) = b+/ —du=a+b+ Z ———alb’
0 a1 plq!

p—1 (p+q)
a plq!
if we specify which vertices are sources and which are sinks, the number of trees is p?~1¢?~!.

This implies that the number of labeled trees with p sources and g sinks isp?~! . In particular,

3.11. 1-particle irreducible diagrams and the effective action. Let Z = Zg be the partition
function corresponding to the action S. In the previous subsections we have seen that the “classical”
(or “tree”) part (In(Zs/Zp))o of the quantity In(Zs/Zy) is quite elementary to compute — it is just
minus the critical value of the action S(x). Thus, if we could find a new “effective” action Seg (a
“deformation” of S) such that

(I0(Zs.ie/Z0))o = In(Zs ] Z0)

(i.e. the classical answer for the effective action is the quantum answer for the original one), then we
can regard the quantum theory for the action S as solved. In other words, the problem of solving
the quantum theory attached to S (i.e. finding the corresponding integrals) essentially reduces to the
problem of computing the effective action Seg.

We will now give a recipe of computing the effective action in terms of amplitudes of Feynman
diagrams.

Definition 3.9. An edge e of a connected graph I' is said to be a bridge, if the graph T'\ e is
disconnected. A connected graph without bridges is called 1-particle irreducible (1PT).

Remark. This is the physical terminology. The mathematical terminology is “2-connected”.

To compute the effective action, we will need to consider graphs with external edges (but having at
least one internal vertex). Such a graph I' (with N external edges) will be called 1-particle irreducible if
so is the corresponding “amputated” graph (i.e. the graph obtained from I' by removal of the external
edges). In particular, a graph with one internal vertex is always 1-particle irreducible (see Fig. 8), while
a single edge graph without internal vertices is defined not to be 1-particle irreducible.

Let us denote by G1_ir(n, N) the set of isomorphism classes of 1-particle irreducible graphs which
N external edges and n; i-valent internal vertices for each i (where isomorphisms are not allowed to
move external edges).

Theorem 3.10. The effective action Seg is given by the formula

Sege(z) = M _Z@

2 1’
i>0 !

where
Bo(D)+1

By(z,x,...,x) = Z(Hg;“) > me(x*,x*, T,

reGi—ir(n,N)
where x, € V* is defined by x.(y) := B(z,y)

Thus, Seg = S+ hS; +h%S5 + .. The expressions i/ S ; are called the j-loop corrections to the effective
action.

This theorem allows physicists to worry only about 1-particle irreducible diagrams, and is the reason
why you will rarely see other diagrams in a QFT textbook. As before, it is very useful in doing low
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/ not a bridge

a bridge

1PT graph with
two external edges

non-1PI graph with
four external edges

FIGURE 8

order computations, since the number of 1-particle irreducible diagrams with a given number of loops
is much smaller than the number of connected diagrams with the same number of loops.

Proof. The proof is based on the following lemma from graph theory.

Lemma 3.11. Any connected graph I' can be uniquely represented as a tree, whose vertices are 1-particle
irreducible subgraphs (with external edges), and edges are the bridges of T.

The lemma is obvious. Namely, let us remove all bridges from I". Then I' will turn into a union of
1-particle irreducible graphs, which should be taken to be the vertices of the said tree.
The tree corresponding to the graph I is called the skeleton of T' (see Fig. 9).

Graph: Skeleton:

R

FIGURE 9. The skeleton of a graph.

It is easy to see that the lemma implies the theorem. Indeed, it implies that the sum over all
connected graphs occurring in the expression of In(Zs/Zy) can be written as a sum over skeleton trees,
so that the contribution from each tree is (proportional to) the contraction of tensors B; put in its
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vertices, and B; is the (weighted) sum of amplitudes of all 1-particle irreducible graphs with ¢ external
edges. |

3.12. 1-particle irreducible graphs and the Legendre transform. Recall the notion of Legendre
transform.

Let f be a smooth function on a vector space Y, such that the map Y — Y™* given by = — df (z) is
a diffeomorphism. Then one can define the Legendre transform of f as follows. For p € Y*, let 2(p)
be the critical point of the function (p,z) — f(z) (i.e. the unique solution of the equation df (z) = p).
Then the Legendre transform of f is the function on Y* defined by

L(f)(p) = (p,x0) — f(x0)-
It is easy to see that the differential of L(f) is also a diffeomorphism Y* — Y (in fact, inverse to df (x)),
and that L2(f) = f.

Example. Let f(x) = az?/2. Then pz — f = px — x?/2 has a critical point at p = x/a, and the
critical value is p?/2a. L(ax?/2) = p?/2a. Similarly, if f(x) = B(x,z)/2 where B is a nondegenerate
symmetric form, then L(f)(p) = B~(p,p)/2.

Now let us consider Theorem 3.10 in the situation of Theorem 3.2. Thus, S(r) = B(z,x)/2+ O(z?),

and we look at
2(J) = b2 / " g
1%

By Theorem 3.10, one has
In(Z(J)/Z0) = =Se(wo, J),
where the effective action Seg(z, J) given by summation over 1-particle irreducible graphs.

Now, we must have Seg(z,J) = —J - ¢ + Ser(z), since the only 1PI graph which contains 1-valent
internal vertices (corresponding to J) is the graph with one edge, connecting an internal vertex with
an external one (so it yields the term —J - z, and other graphs contain no J-vertices). This shows that
In(Z(J)/Zy) is the critical value of J -  — Seg(x). Thus we have proved the following.

Proposition 3.12. We have
Set(z) = L(In(Z(J)/Z0)), In(Z(J)/Zo) = L(Sest())-

Physicists formulate this result as follows: the effective action is the Legendre transform of the
logarithm of the generating function for quantum correlators (and vice versa).
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4. MATRIX INTEGRALS

Let b be the space of Hermitian matrices of size N. The inner product on f is given by (A, B) =
Tr(AB). In this section we will consider integrals of the form

I = h—N2/2/ S /ngy
N

where the Lebesgue measure dA is normalized by the condition fe_TT(AZ)/ZdA =1, and S(A) =
Tr(A2)/2 — 3, <0 gmTr(A™)/m is the action functional.®* We will be interested the behavior of the
coefficients of the expansion of Z in g; for large N. The study of this behavior will lead us to considering
not simply Feynman graphs, but actually fat (or ribbon) graphs, which are in fact 2-dimensional surfaces.
Thus, before we proceed further, we need to do some 2-dimensional combinatorial topology.

4.1. Fat graphs. Recall from the proof of Feynman’s theorem that given a finite collection of flowers
and a pairing o on the set T" of endpoints of their edges, we can obtain a graph I', by connecting (or
gluing) the points which fall in the same pair.

Now, given an i-flower, let us inscribe it in a closed disk D (so that the ends of the edges are on
the boundary) and take its small tubular neighborhood in D. This produces a region with piecewise
smooth boundary. We will equip this region with an orientation, and call it a fat i-valent flower. The
boundary of a fat i-valent flower has the form P,Q1PQ> ... P;,Q;P;, where P;,(Q); are the angle points,
the intervals P;Q); are arcs on 0D, and Q) P;41 are (smooth) arcs lying inside D (see Fig. 10).

3-valent flower fat 3-valent flower
Q1
Py
P,
Q2
Qs
P
Ficure 10

Now, given a collection of usual flowers and a pairing ¢ as above, we can consider the corresponding
fat flowers, and glue them (respecting the orientation) along intervals P;@Q; according to . This will
produce a compact oriented surface with boundary (the boundary is glued from intervals P;Q;+1).

We will denote this surface by T, and call it the fattening of T with respect to o. A fattening of
a graph will be called a fat (or ribbon) graph. Thus, a fat graph is not just an oriented surface with
boundary, but such a surface together with a partition of this surface into fat flowers.

Note that the same graph I" can have many different fattenings, and in particular the genus g of the
fattening is not determined by T" (see Fig. 11).

4.2. Matrix integrals in large N limit and planar graphs. Let us now return to the study of the
integral Zx. By the proof of Feynman’s theorem,

g:h hn,;(1',/2—1)

IHZN = Z(H W)ZF(M

n g

where the summation is taken over all pairings of T'= T'(n) that produce a connected graph I',, and
F, denotes the contraction of the tensors Tr(A") using o.
For a surface ¥ with boundary, let v(X) denote the number of connected components of the boundary.

Proposition 4.1. F, = N,

3Note that we divide by m and not by m!. We will see below why such normalization will be more convenient.
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I'y g=0 Ty g=20

e

FIGURE 11. Gluing a fat graph from fat flowers

Proof. Let e; be the standard basis of CV, and e} the dual basis. Then the tensor Tr(A™) can be

written as
N

Tr(A™) = Y (e Q¢ Qe Q€0 ®e;, ®ej, AP™).
i1yeeyim =1
One can visualize each monomial in this sum as a labeling of the angle points P;,Q1, ..., Py, @m on
the boundary of a fat m-valent flower by i1,42,12,%3,...,%m,i1. Now, the contraction using o of some
set of such monomials is nonzero iff the subscript is constant along each boundary component of I',
(see Fig. 12). This implies the result. O

Contraction nonzero iff
Z-:r7j:p7j:m7k:r7
k=p,i=m

that is

FicUure 12. Contraction defined by a fat graph.

Let éc(n) is the set of isomorphism classes of connected fat graphs with n; i-valent vertices. For
I' € G¢(n), let b(I') be the number of edges minus the number of vertices of the underlying usual
graph I'.

Corollary 4.2.
NV(F)hb( r)

w0 T

Proof. Let Ggar(n) = [[ Sn;, X (J[[Z/iZ)™. This group acts on T', so that fg = fga, for any g € Grat
(since cyclic permutations of edges of a flower extend to its fattening). Moreover, the group acts
transitively on the set of o giving a fixed fat graph fg, and the stabilizer of any o is Aut(fg). This
implies the result. ([l

Now for any compact surface ¥ with boundary, let g(X) be the genus of ¥.. Then for a connected fat
graph T', b(T") = 2g(T") — 2 4 v(T') (minus the Euler characteristic). Thus, defining Zn(h) = Zn(h/N),
we find
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Theorem 4.3. L
N2-2g(T) yb(T)

[Aut(T)|

mZy =Y ([ >

n reGe.(n)
This implies the following important result, due to t’Hooft.

Theorem 4.4. (1) There exists a limit Woo := limy_,00 h‘NZQN. This limit is given by the formula

W — s hb(f)
oo—Z(Hgi) Z ]m,

n TeG.(n)[0

where éc(n)[O} denotes the set of planar connected fat graphs, i.e. those which have genus zero.
(2) Moreover, there exists an ezpansion In Zy /N? = 2 e>0 agN 28, where

N Rb(T)
ag = Z(Hgi Y Z m,

n TeGe(n)[g]
and éc(n)[g} denotes the set of connected fat graphs which have genus g.

Remark 1. Genus zero fat graphs are said to be planar because the underlying usual graphs can
be put on the 2-sphere (and hence on the plane) without self-intersections.

Remark 2. t’Hooft’s theorem may be interpreted in terms of the usual Feynman diagram expansion.
Namely, it implies that for large N, the leading contribution to In(Zy(i/N)) comes from the terms in
the Feynman diagram expansion corresponding to planar graphs (i.e. those that admit an embedding
into the 2-sphere).

4.3. Integration over real symmetric matrices. One may also consider the matrix integral over
the space sy of real symmetric matrices of size N. Namely, one puts

Zn = h—N(N+1)/4/ =S /Ry
SN
where S and dA are as above. Let us generalize Theorem 4.4 to this case.

As before, consideration of the large IV limit leads to consideration of fat flowers and gluing of them.
However, the exact nature of gluing is now somewhat different. Namely, in the Hermitian case we had
(e; ® e, ex® e;) = 0,191, which forced us to glue fat flowers preserving orientation. On the other hand,
in the real symmetric case e = e;, and the inner product of the functionals e; ® e; on the space of
symmetric matrices is given by (e; ® ej,ex ® ;1) = §;xd;1 + 0:0j,. This means that besides the usual
(orientation preserving) gluing of fat flowers, we now must allow gluing with a twist of the ribbon by
180°. Fat graphs thus obtained will be called twisted fat graphs. That means, a twisted fat graph
is a surface with boundary (possibly not orientable), together with a partition into fat flowers, and
orientations on each of them (which may or may not match at the cuts, see Fig. 13).

FIGURE 13. Twisted-fat graph

Now one can show analogously to the Hermitian case that the 1/N expansion of In ZN (where
Zn = Zn(2h/N)) is given by the same formula as before, but with summation over the set G (n) of
twisted fat graphs:
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Theorem 4.5. o
N2—2g() pb(T)

[Aut(T)|

wZy =Y ([To) Y

n LeGtv (n)

Here the genus g of a (possibly non-orientable) surface is defined by g = 1 — x/2, where x is the
Euler characteristic. Thus the genus of RP? is 1/2, the genus of the Klein bottle is 1, and so on.
In particular, we have the analog of t’'Hooft’s theorem.

Theorem 4.6. (1) There exists a limit Woo := limy_,00 h‘NZQN. This limit is given by the formula
. 2]
Woo =2 (Lo > ——=
o |[Aut(T)]
n FeGy (n)[o]

where G2 (n)[0] denotes the set of planar connected twisted fat graphs, i.e. those which have genus
zero. R
(2) Moreover, there exists an expansion In Zy /N? = > e>0 agN =28, where

. L)
o= (Lo > (D)

n FeGt(n)lg
and éfzw (n)[g] denotes the set of connected twisted fat graphs which have genus g.

Exercise. Consider the matrix integral over the spaceqy of quaternionic Hermitian matrices. Show
that in this case the results are the same as in the real case, except that each twisted fat graph counts
with a sign, equal to (—1)™, where m is the number of twistings (i.e. mismatches of orientation at
cuts). In other words, In Zy for quaternionic matrices is equal In Zon for real matrices with N replaced
by —N.

Hint: use that the unitary group U(N,H) is a real form of Sp(2N), and qy is a real form of the
representation of A2V, where V is the standard (vector) representation of Sp(2N). Compare to the
case of real symmetric matrices, where the relevant representation is S?V for O(N), and the case of
complex Hermitian matrices, where it is V @ V* for GL(N).

4.4. Application to a counting problem. Matrix integrals are so rich that even the simplest possible
example reduces to a nontrivial counting problem. Namely, consider the matrix integral Zy over
complex Hermitian matrices in the case S(A) = Tr(A?)/2 — sTr(A*™)/2m, where s*> = 0 (i.e. we work
over the ring C[s]/(s?)). In this case we can set h = 1. Then from Theorem 4.4 we get

Tr(A2™)e~ T 40/244 = P, (N),
hn
where P, (N) is a polynomial, given by the formula Py, (N) = 30,50 eg(m) N7, and e4(m) is the
number of ways to glue a surface of genus g from a 2m-gon with labeled sides by gluing sides preserving
the orientation. Indeed, in this case we have only one fat flower of valency 2m, which has to be glued
with itself; so a direct application of our Feynman rules leads to counting ways to glue a surface of a
given genus from a polygon.
The value of this integral is given by the following non-trivial theorem.

Theorem 4.7. (Harer-Zagier, 1986)
(2m)!§: m 2px(m—1)...(aj—p).
2mm) S \P (p+1)!

The theorem is proved in the next subsections.
Looking at the leading coefficient of P,,, we get.

P, (x) =

Corollary 4.8. The number of ways to glue a sphere of a 2m-gon is the Catalan number C,, =

1 (2m
i\ )
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Corollary 4.8 actually has another (elementary combinatorial) proof, which is as follows. For each
pairing o on the set of sides of the 2m-gon, let us connect the midpoints of the sides that are paired by
straight lines (Fig. 14). It is geometrically evident that if these lines don’t intersect then the gluing will
give a sphere. We claim that the converse is true as well. Indeed, we can assume that the statement is
known for the 2m — 2-gon. Let o be a gluing of the 2m-gon that gives a sphere. If there is a connection
between two adjacent sides, we may glue them and go from a 2m-gon to a 2m — 2-gon (Fig. 15). Thus,
it is sufficient to consider the case when adjacent sides are never connected. Then there exist adjacent
sides a and b whose lines (connecting them to some ¢, d) intersect with each other. Let us now replace
o by another pairing ¢’, whose only difference from o is that a is connected to b and ¢ to d (Fig. 16).
One sees by inspection (check it!) that this does not decrease the number of boundary components of
the resulting surface. Therefore, since o gives a sphere, so does ¢’. But ¢’ has adjacent sides connected,
the case considered before, hence the claim.

FI1GURE 14. Pairing of sides of a 6-gon.

FIGURE 15

W

FIGURE 16

Now it remains to count the number of ways to connect midpoints of sides with lines without
intersections. Suppose we draw one such line, such that the number of sides on the left of it is 2k and
on the right is 2! (so that k +1 = m — 1). Then we face the problem of connecting the two sets of 2k
and 2/ sides without intersections. This shows that the number of gluings D,, satisfies the recursion

Dm= Y DD
k+l=m—1
In other words, the generating function Y. D,, 2™ = 1+x + - - satisfies the equation f —1 = xf2. This
implies that f = 1_752_4%7 which yields that D,, = C,,. We are done.
Corollary 4.8 can be used to derive the the following fundamental result from the theory of random
matrices, discovered by Wigner in 1955.
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Theorem 4.9. (Wigner’s semicircle law) Let f be a continuous function on R of at most polynomial
growth at infinity. Then

1 miazye 17
lim N/ Trf(A/VN)e™ A/ %/_2f(x)\/4—x2dx.

N
This theorem is called the semicircle law because it says that the graph of the density of eigenvalues of
a large random Hermitian matrix distributed according to ‘the “Gaussian unitary ensemble” (i.e. with
density e*Tr(Az)/QdA) is a semicircle.

Proof. By Weierstrass uniform approximation theorem, we may assume that f is a polynomial. (Exer-
cise: Justify this step).

Thus, it suffices to check the result if f(x) = 2?™. In this case, by Corollary 4.8, the left hand side
is Cn. On the other hand, an elementary computation yields ;- fi x?m\/4 — 22 = C,,, which implies
the theorem. (]

4.5. Hermite polynomials. The proof  of Theorem 4.7 given below uses Hermite polynomials. So
let us recall their properties.

Hermite’s polynomials are defined by the formula
2 dTL 2
H,(r)=(-1)"e" —e .
(2) = (1) e

So the leading term of H,(x) is (2z)".
We collect the standard properties of H,,(z) in the following theorem.

Theorem 4.10. (i) The generating function of Hy(x) is f(2,t) =3, 5o Hu(x )k = 2at=t*
(i1) Hy(z) satisfy the differential equation f"” —2xf" + 2nf = 0. In other words, Hn(:r)e*‘/"’g/2 are
eigenfunctions of the operator L = —%82 + %xQ (Hamiltonian of the quantum harmonic oscillator) with

eigenvalues n + %
(i1i) Hyp(x) are orthogonal:

1 o 2
— e~ Hp(z)Hy(z)dx = 2"n6mn
I
(iv) One has
1 e 22 2 (Zm)' 2(k—m)
- T m [y, _ _\&)s m
Tr /7006 x ok (z)dx = k)!2

(if k > m, the answer is zero).

(v) One has

H2(x) - r!
2l kZ:O 2R K2 (r — k)!H%(x)'

Proof. (sketch)

(i) Follows immediately from the fact that the operator Z(—l)"ﬁl—ﬂ, d“i?nn
g(z —1).

(ii) Follows from (i) and the fact that the function f(z,t) satisfies the PDE fg, — 22 f, + 2tf; = 0.

(iii) Follows from (i) by direct integration (one should compute [, f(z,t)f(z,u)e ~2* g using a shift
of coordinate). '

iv i), one should calculate [, 22™e2*t=t"¢=2"dx. This integral equals

(iv) By (i), one should calculate [ 2*™ e~ gral eq

(2m — 2p)!
2m 7(:1: t)? dx 7/ 4t 2m *y d < ) 717 t2p.
/R R(?J ) Yy = \/_Z 2m=p(m — p)!

The result is now obtained by extracting individual coefficients.

maps a function g(x) to

4 adopted this proof from D. Jackson’s notes
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(v) By (iii), it suffices to show that
1 > 2r k12 (2k)!
— | H%(2)H Uy = T
77 | e e e = S

To prove this identity, let us integrate the product of three generating functions. By (i), we have

% /Rf(-%', ) f(z,u)f(z, U)e_mzd,r = 2(tuttvtuv)

2k

Extracting the coefficient of t"u"v*", we get the result. O

4.6. Proof of Theorem 4.7. We need to compute the integral
/ Tr(AQm)e_TT(A2)/2dA.

N
To do this, we note that the integrand is invariant with respect to conjugation by unitary matrices.
Therefore, the integral can be reduced to an integral over the eigenvalues A1, ..., Any of A.
More precisely, consider the spectrum map o : hy — RY/Sy. It is well known (due to H. Weyl)
that the direct image 0.dA is given by the formula o,dA = Ce™ Zi X /2T, (X = Xj)2dA, where C > 0
is a normalization constant that will not be relevant to us. Thus, we have

Jon (2 AZ™)e™ EN2T] (A = Aj)2dA

f]RN em 2 A/2 Hi<j()‘i — Aj)2dA
To calculate the integral .J,,, in the numerator, we will use Hermite’s polynomials. Observe that since
H,(z) are polynomials of degree n with highest coefficient 2", we have [[,_;(\i — A;) =
2~ N(N=1)/2 det(Hy(\;)), where k runs through the set 0,1,...,n — 1. Thus, we find

m 1= /RN O azmye ZX2T](n = Ag)%dA =

i<j

Pn(N) =

2m+N2/2N )\%me—Z/\? H(/\z _ )\]>2d)\ —
RN

(12) i<
om-NIN=2)/2 7 [ \2m =N et (Hy();))2dA =
RN
gm-NIN=2)/2 )y - AZme= N ( > (=17 (=17 [ [ Hoi(Ni)Hri(Xi))dA.
o, TESN 4

(Here (—1)° denotes the sign of o).
Since Hermite polynomials are orthogonal, the only terms which are nonzero are the terms with

o(i) = 7(i) for i = 2,..., N. That is, the nonzero terms have o = 7. Thus, we have
T = 2 NW=D2N [ 32mem SXNCNT T Hos(Mi)2dN =
RN oceSN 1
(13) N-1
gm— N(N- 2)/2N"yo YN—1 Z / 2mH ( )2 —xz? dl‘
7=0

where v; = ffooo Hi(w)ze*mzdaz are the squared norms of the Hermite polynomials. Applying this for
m = 0 and dividing J,, by Jy, we find

m/JO_QmZ / 2mH Q—xdx
=0 Vi

Using Theorem 4.10 (iii) and (v), we find: v; = 2%!\/7, and hence
N-1 J om p2m
2 H% 2l (2) e
Int= g [ 323 S e

j=0 k=0
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Now, using (iv), we get

CIRR 2
I/ Jo = om prd kzzo (m —k)K2(5 — k)!
(2m)! Rl gl k(MY (7
9mml ;,;2 (k) (k)

The sum over k can be represented as a constant term of a polynomial:

J .
> 2k (C’;) (i) = COT.((1+2)™(1+2z"Hk).
k=0
Therefore, summation over j (using the formula for the sum of the geometric progression) yields

m)! 2’71 N m)! m m
i B L (o) (1)
! o

We are done.
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5. THE EULER CHARACTERISTIC OF THE MODULI SPACE OF CURVES

Matrix integrals (in particular, computation of the polynomial P, (x)) can be used to calculate the
orbifold Euler characteristic of the moduli space of curves. This was done by Harer and Zagier in 1986.
Here we will give a review of this result (with some omissions).

5.1. Euler characteristics of groups. We start with recalling some basic notions from algebraic
topology.

Let T" be a discrete group, and Y be a contractible finite dimensional CW complex, on which I' acts
cellularly. This means that I' acts by homeomorphisms of Y that map each cell homeomorphically
to another cell. We will assume that the stabilizer of each cell is a finite group (i.e. Y is a proper
I'-complex).

Suppose first that the action of ' is free (i.e. the stabilizers of cells are trivial). This is equivalent
to saying that T" is torsion free (i.e has no nontrivial finite subgroups), since a finite group cannot act
without fixed points on a contractible finite dimensional cell complex (as it has infinite cohomological
dimension).

In this case we can define a cell complex Y/T (a classifying space for I'), and we have H (Y/T', A) =
HY (T, A) for any coefficient group A. In particular, if Y/T is finite then T' has finite cohomological
dimension, and the Euler characteristic x(T') := >.(—1)"dim H (T, Q) is equal to >_(—1)in;(Y/I),
where n;(Y/T') denotes the number of cells in Y/I" of dimension i.

This setting, however, is very restrictive, since it allows only groups of finite cohomological dimension,
and in particular excludes all non-trivial finite groups. So let us consider a more general setting: assume
that some finite index subgroup IV C T, rather than T itself, satisfies the above conditions. In this
case, on may define the Euler characteristic of I' in the sense of Wall, which is the rational number
[ It (I).

It is easy to check that the Euler characteristic in the sense of Wall can be computed using the
following Quillen’s formula

NOEEDY

o€cells(Y)/T

(_1)dimo
[Stabo|

In particular, this number is independent of I (which is also easy to check directly).

Example 1. If G is a finite group then x(G) = |G|~! (one takes the trivial group as the subgroup
of finite index).

Example 2. G = SLy(Z). This group contains a subgroup F' of index 12, which is free in two
generators (check it!). The group F has Euler characteristic —1, since its classifying space Y/ F is figure
“eight” (i.e., Y is the universal cover of figure “eight”). Thus, the Euler characteristic of SLy(Z) is
—1/12.

The Euler characteristic in the sense of Wall has a geometric interpretation in terms of orbifolds.
Namely, suppose that I' is as above (i.e. x(T') is a well defined rational number), and M is a contractible
manifold, on which I' act freely and properly discontinuously. In this case, stabilizers of points are finite,
and thus M/T is an orbifold. This means, in particular, that to every point x € M/T is attached a
finite group Aut(x), of size < [I' : T’]. Let X,,, be the subset of M/TI', consisting of points = such that
Aut(x) has order m. It often happens that X,, has the homotopy type of a finite cell complex. In this
case, the orbifold Euler characteristic of M /T is defined to be xorh (M/T) =", x(Xm)/m.

Now, we claim that xorb(M/T) = x(T'). Indeed, looking at the projection M /T — M/T, it is easy
to see that yorn(M/T) = ﬁx(M/F’). But M/T” is a classifying space for I, so x(M/T") = x(I"),
which implies the claim.

Example. Consider the group I' = SLs(Z) acting on the upper half plane H. Then H/I' is the
moduli space of elliptic curves. So as a topological space it is C, where all points have automorphism
group Z/2, except the point ¢ having automorphism group Z/4, and p which has automorphism group
Z/6. Thus, the orbifold Euler characteristic of H/I' is (—1)3 +  + # = —15. This is not surprising
since we proved that xo,p(H/T') = x(T"), which was computed to be —1/12.

5.2. The mapping class group. Now let g > 1 be an integer, and ¥ be a closed oriented surface of
genus g. Let p € X, and let 1"; be the group of isotopy classes of diffeomorphisms of ¥ which preserves
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p. We will recall without proof some standard facts about this group, following the paper of Harer and
Zagier, Inv. Math., v.85, p. 457-485.

The group F; is not torsion free, but it has a torsion free subgroup of finite index. Namely, consider
the homomorphism I'} — Sp(2g,Z/nZ) given by the action of I'y on Hi(X,Z/nZ). Then for large
enough n (in fact, n > 3), the kernel K, of this map is torsion free.

It turns out that there exists a contractible finite dimensional cell complex Y, to be constructed
below, on which F; acts cellularly with finitely many cell orbits. Thus, the Euler characteristic of F;
in the sense of Wall is well defined.

Theorem 5.1. (Harer-Zagier) x(T'}) = —Bay/2g, where B, are the Bernoulli numbers, defined by the
generating function ano Bpz"[n! = 2

Remark 1. The group F; acts on the Teichmiiller space 7;1, which is, by definition the space of
pairs ((R, z), f), where (R, z) is a complex Riemann surface with a marked point z, and f is an isotopy
class of diffeomorphisms R — ¥ that map z to p. One may show that Tl is a contractible manifold
of dimension 6g — 4, and that the action of Fl on ’Tl is properly dlscontmuous In particular, we may
define an orbifold M} = 7! /T';. This orblfold parameterlzes pairs (R, z) as above; therefore, it is called
the moduli space of Rlemann burfaces (=smooth complex projective algebraic curves) with one marked
point. Thus, Theorem 5.1 gives the orbifold Euler characteristic of the moduli space of curves with one
marked point.

Remark 2. If g > 1, one may define the analogs of the above objects without marked points, namely
the mapping class group I'y, the Teichmiiller space 74, and the moduli space of curves M, = 7,/T,
(one can do it for ¢ = 1 as well, but in this case there is no difference with the case of one marked
point, since the translation group allows one to identify any two points on X). It is easy to see that we
have an exact sequence 1 — m1(X) — I', — T'y — 1, which implies that x(I'y) = x(I'y)/x(X). Thus,
X(Fg) = Xorb(Mg) = B2g/4g(g -1)

5.3. Construction of the complex Y. We begin the proof of Theorem 5.1 with the construction of
the complex Y, following the paper of Harer and Zagier. We will first construct a simplicial complex
with a I' action, and then use it to construct Y.

Let (a1,...,ay) be a collection of closed simple unoriented curves on ¥, which begin and end at p,
and do not intersect other than at p. Such a collection is called an arc system if two conditions are
satisfied:

(A) none of the curves is contractible to a point;

(B) none of the curves is contractible to each other.

Define a simplicial complex A, whose n — 1-simplices are isotopy classes of arc systems consisting
of n > 1 arcs, and the boundary of a simplex corresponding to (a1, ...a;,) is the union of simplices
corresponding to the arc system (aq,...,&;,...,an) (q; is omitted).

It is clear that the group 1"; acts simplicially on A.

Example. Let g =1, i.e. ¥ = §' x §'. Then I'; = SLy(Z). Up to its action, there are only three
arc systems (Fig. 17). Namely, viewing S' as the unit circle in the complex plane, and representing
arcs parametrically, we may write these three systems as follows:

By = {(ew’ 1)}; B, = {(eiﬂ’ 1)7 (la ew)}; By = {(61'6’ 1)7 (1’ ei&)’ (ewv eiQ)}

JFrom this it is easy to find the simplicial complex A. Namely, let T' be the tree with root ¢y, connected
to three vertices t1,t2,t3, with each ¢; connected to two vertices ¢;1,¢;2, each t;; connected to t;;1, t;;2,
etc. (Fig. 18). Put at every vertex of T a triangle, with sides transversal to the three edges going out of
this vertex, and glue triangles along the sides. This yields the complex A, Fig. 19 (check it!). The action
of SLy(Z) (or rather PSL2(Z)) on this complex is easy to describe. Namely, recall that PSLo(Z) is
generated by S, U such that S? = U3 = 1. The action of S,U on T is defined as follows: S is reflection
with flip with respect to a side of the triangle Ay centered at ¢y (Fig. 20), and U is rotation by 27/3
around tg.

This example shows that the action of I’é on A is not properly discontinuous, and some simplices
have infinite stabilizers (in the example, it is the O-dimensional simplices). Thus, we would like to
throw away the “bad” simplices. To do it, let us say that an arc system (ayq, .., @) fills up 2 if it cuts
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BO Bl B2

F1GURE 17. Three arc systems.

FIGURE 18. Tree T

Y into a union of regions diffeomorphic to the open disk. Let A., be the union of the simplices in A
corresponding to arc systems that do not fill up ¥. This is a closed subset, since the property of not
filling up ¥ is obviously stable under taking an arc subsystem. Thus, A \ A is an open subset of A.
In the example above, it is the complex A with 0-dimensional simplices removed.

Y Y

F1Gure 19. Complex A

A

F1GURE 20. Reflection with a flip.
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The following theorem shows that A\ A is in fact a combinatorial model for the Teichmiiller space
7!, with the action of T'}.

Theorem 5.2. (Mumford) (a) The action of Ty on A\ A is properly discontinuous.
b) A\ Ay is a topologically a manifold, which is T'}:-equivariantly homeomorphic to the Teichmdiller
g
space ’Tgl ;in particular, it is contractible.

Remark 1. Theorem 5.2 exhibits the significance of conditions (A) and (B). Indeed, if either of
the conditions were dropped, then one could consider arc systems (aq, ..., «,) with arbitrarily large n,
while with conditions (A),(B), as seen from Theorem 5.2, the largest value of n is 6g — 3.

Remark 2. If g = 1, Theorem 5.2 is clear from the explicit description of A (convince yourself of
this!).

Theorem 5.2 is rather deep, and we will not give its proof, which is beyond the scope of this course.
Rather, we will use it to define the “Poincare dual” CW complex Y of A\ A,,. Namely, to each filling arc
system (aq,...,ay) we will assign a 6g — 3 — n-dimensional cell, and the boundary relation is opposite
to the one before. The existence of this CW complex follows from the fact that A\ A is a manifold.
For instance, in the case g = 1 the complex Y is the tree T

Now, the complex Y is contractible (since so is A\ As), and admits a cellular action of T'y with
finitely many cell orbits and finite stabilizers. This means that the Euler characteristic of F; is given

by Quillen’s formula.
: 1
Fl _ ~1 dim o )
x(Ty) D e

o€cells(Y)/T}

Example. In the g = 1 case, T has one orbit of 0-cells and one orbit of 1-cells. The stabilizer of
a 0-cell in SLy(Z) is Z/6, and of 1-cell is Z/4. Hence, x(SL2(Z)) = = —-L, which was already
computed before by other methods.

1_1_ _ 1
6 4 127
5.4. Enumeration of cells in Y/Fé. Now it remains to count cells in Y/F;, i.e. to enumerate arc
systems which fill ¥ (taking into account signs and stabilizers) To do this, we note that by definition
of “filling”, any filling arc system S defines a cellular decomposition of . Thus, let S* be the Poincare
dual of this cellular decomposition. Since S has a unique zero cell, S* has a unique 2-cell. Let n be
the number of 1-cells in S (or S*). Then (3, S*) is obtained by gluing a 2n-gon (=the unique 2-cell)
according to a pairing of its sides preserving orientation. (Note that S can be reconstructed as (S*)*).

This allows us to link the problem of enumerating filling arc systems with the problem of counting
such gluings, which was solved using matrix integrals. Namely, the problem of enumerating filling arc
systems is essentially solved modulo one complication: because of conditions (A) and (B) on an arc
system, the gluings we will get will be not arbitrary gluings, but gluings which also must satisfy some
conditions. Namely, we have

Lemma 5.3. Let (aq,...,ay) be a system of curves, satisfying the axzioms of a filling arc system, except
maybe conditions (A) and (B). Then

(i) (o, ..., an) satisfies condition (A) iff no edge in the corresponding gluing is glued to a neighboring
edge.

(i1) (c1,...,ap) satisfies condition (B) iff no two consecutive edges are glued to another pair of
consecutive edges in the opposite order.

W

FIGURE 21

loop homo-
topic to 0.
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W

loops homotopic
to each other.

FIGURE 22

The lemma is geometrically evident, and its proof is obtained by drawing a picture (Fig. 21 for (i),
Fig. 22 for (ii)). Motivated by the lemma, we will refer to the conditions on a gluing in (i) and (ii) also
as conditions (A) and (B).

Denote by e4(n), f1g(n), Ag(n) the numbers of gluings of a (labeled) 2n-gon into a surface of genus
g, with no conditions, condition (A), and conditions (A),(B), respectively (so £4(n) is the quantity we
already studied).

Proposition 5.4. One has
1 2g(n)
1\ n—179
x(Ty) = zn:(—l) o
Proof. Each filling arc system o arises from 2n/|Stab(o)| gluings (since the labeling of the polygon
does not matter for the resulting surface with an arc system). Thus, the result follows from Quillen’s
formula. O

5.5. Computation of Zn(—l)”_l%?. Now it remains to compute the sum on the right hand side.
To do this, we will need to link A\, (n) with £4(n), which has already been computed. This is accomplished

by the following lemma.

Lemma 5.5. One has

o) =3 (%) sl ~

Proof. Proof of the first equation. Let o be a gluing of a 2n-gon A with labeled vertices. If there is
a pair of consecutive edges that are glued, we can glue them to obtain a 2n — 2-gon. Proceeding like
this as long as we can, we will arrive at a 2n — 2i-gon A, with a gluing ¢’ of its sides which satisfies
condition (A). Note that A, and ¢’ do not depend on the order in which neighboring edges were glued
to each other, and A, has a canonical labeling by 1,...,2n — 2i, in the increasing order of the “old”

labels. Now, we claim that each (A,,o’) is obtained in exactly < zn> ways; this implies the required

statement.

Indeed, let us consider vertices of A that ended up in the interior of A,. They have mapped to i
points in the interior (each gluing of a pair of edges produces a new point). Let us call these points
wi, ..., w;, and let v; be the smallest label of a vertex of A that goes to w;. Then vy, ...,v; is a subset
of {1,...,2n}. This subset completely determines the gluing o if (A, 0’) are given: namely, we should
choose v; such that v; + 1 # v, for any k, and glue the two edges adjacent to v;; then relabel by
1,...,2n — 2 the remaining vertices (in increasing order of “old” labels), and continue the step again,
and so on. From this it is also seen that any set of v; may arise. This proves the claim.

Proof of the second equation. Let o be a gluing of A (with labeled edges) which satisfies condition
(A) but not necessarily (B). If ay,as are consecutive edges that are glued to consecutive edges by, by
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in the opposite order, then we may unite ai,as into a single edge a, and bs,b; into b, and obtain a
2n — 2-gon with a gluing. Continuing so as long as we can, we will arrive at a 2n — 2i-gon A, with
a new gluing o/, which satisfies conditions (A) and (B). In A,, each (j-th) pair of edges is obtained
for m; + 1 pairs of edges in A. Thus, Z;n;ll m; = i. Furthermore, for any (A,,o¢’) the collection of
numbers myq, ..., m,—; defines (A, o) uniquely, up to deciding which of the m; + 1 edges constituting
the first edge of A, should be labeled by 1. Thus, each (A,,¢’) arises in the number of ways given by

the formula
> (my + 1).
My My i M=t

It is easy to show (check!) that this number is equal to (TZ) The second equation is proved. [

The completion of the proof of Theorem 5.1 depends now on the following computational lemma.
Lemma 5.6. Let e(n), u(n), \(n), n > 0, be sequences satisfying the equations

e(n) = XZ: (2:0) pw(n —1i);
u(n) = 21: (?) A(n — ).
2:) F(n), where f is a polynomial such that f(0) = 0. Then A(0) = 0, A(n)

has finitely many nonzero values, and Y (—1)""*\(n)/2n = f/(0).

Assume also that e(n) =

Proof. Let us first consider any sequences e(n), u(n), and A(n) linked by the equations of the lemma.
Let E(z), M(z), and L(z) be their generating functions (i.e. E(2) =}, 5,¢e(n)2" etc.). We claim that

1+v1—-4z 1—+/1—4z
EG) =g M= )

To see this, it suffices to consider the case \; = dx; for some k. In this case,

-2 () 2 ) 0

ri= 2 (7))

p=>0

1 (1-@)’“7

But the function

equals

F.(z) = Nierrs 5y

as may be easily seen by induction from the recursion F, = z~1(F,_; — F._5), r > 2. Substituting this
in the formula for F(z), one gets (after trivial simplifications)

1+ vl—4z 1—-y1—4z

E(z) = k,
@ =S S
as desired.
Now assume that e(n) satisfies the polynomiality condition.  This means that E(z) =

P(za)|zzo\/1+—42, where P is a polynomial with vanishing constant term. To prove our claim, it suffices

to consider the case P(z) = (1 + a)® — 1, where a is a formal parameter (so P'(0) = In(1 + a)). In this

case we get
1 1

/I d(ltae Vi-%

1 1

- 1+u(,/1—4au(1+u)

Hence,

L(u)

—1)
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() oyt [t o

But fol 2P71(1 — x)P~1dx is a beta integral, and it equals (p — 1)!?/(2p — 1)!. Thus, the above integral
equals szl(fl)pfla”/p = In(1 + a), as desired. O

Therefore,

0
S0 2k =5 [ Edufu= 53

k - p=>1

Now we finish the proof of the theorem. Recall that using matrix integrals we have proved the
formula

(14) Pa(z) = ;ggmﬂ"“”g = o 2 (Z) g (,ﬁi 1>

Let us set ¢ = n — p. Then expression (14) takes the form
2n n n!
15 P,(z) = 94 " dz—1)(z— .
(15) (x) (n>2 (q) e ele == n )

We claim now that the coefficient of x729 (¢ > 1) in the polynomial P,(z)/z""! are of the form
f4(n), where f, is a polynomial. Indeed, contributions to the coefficient of 2729 come from terms

with ¢ < 2¢ only, so it suffices to check that each of these contributions is as stated. This reduces to

checking that the coefficients of the Laurent polynomial Q(z,n) = (1—1/x) - - - (1—n/z) are polynomials

I'(z)
T'(z—a)ze

(this equals to Q(x,n) if a = n). This function has an asymptotic Taylor expansion in 1/x as z — o0,
and it is easy to show that the coefficients are polynomials in a. Moreover, Q(x, —1) = 1, which implies
the required statement.

Furthermore, we claim that f;(0) = 0: again, this follows from the fact that the non-leading coeffi-
cients of the expansion of Q(z,a) vanish at a = 0. But this is clear, since Q(x,0) = 1.

Thus, we are in a situation where Lemma 5.6 can be applied. So it remains to compute
> g1 fo(0)z 729, To do this, observe that the terms with ¢ > 1 do not contribute to f;(0), as they

are given by polynomials of n that are divisible by n?. So we only need to consider ¢ = 0 and ¢ = 1.
For ¢ = 1, the contribution is the value of (2z)~!(1 — 1/z)...(1 —n/z) at n = 0, i.e. it is 1/2z. For

g = 0, the contribution is the derivative at 0 with respect to n of (1 —1/z)---(1 —n/z)/(n+ 1), i.e. it
is L], Qiif) = -1+ 4|,_0Q(z,a). Thus, we have (asymptotically)
1 I'(x)

g;f Y= oot le=0Q(@a) = o+ Ve

in n, which vanish at —1 (except, of course, the leading coefficient). To see this, let Q(z,a) =

—logx

However, the classical asymptotic expansion for I" / I'is:

D@ 1 By s
@) E

This implies that f;(0) = —Ba,/2g. Hence the Harer-Zagier theorem is proved.
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6. MATRIX INTEGRALS AND COUNTING PLANAR DIAGRAMS
6.1. The number of planar gluings. Let us return to the setting of §4. Thus, we have a potential

U(z) =2%/2 — 250 g7/ (with g; being formal parameters), and consider the matrix integral

Zn(h) = i~ N/? / e~ TTUA A,

N

Let Zy(h) = Zn(h/N). We have seen that

li 1DZN
Ngnoo N2

where W, is given by summation over planar fat graphs:

W )
AR P ]

i reG.(n)[0

:chw

In particular, the coefficient of []g;" is (up to a power of /) the number of (orientation preserving)
gluings of a fat graph of genus zero out of a collection of fat flowers containing n; i-valent flowers for
each 4, divided by [] " n;!.

On the other hand, one can compute W, explicitly as a function of g; by reducing the matrix integral
to an integral over eigenvalues, and then using a fundamental fact from the theory of random matrices:
the existence of an asymptotic distribution of eigenvalues as N — oo. This approach allows one to
obtain simple closed formulas for the numbers of planar gluings, which are quite nontrivial and for
which direct combinatorial proofs were discovered only very recently.

To illustrate this method, we will restrict ourselves to the case of the potential U(x) = 22/2 + ga*
(so g4 = —4g and other g; = 0), and set h = 1. Then W = >, -, cn(—g)"/n!, where ¢, is a number
of connected planar gluings of a set of n 4-valent flowers. In other words, ¢, is the number of ways (up
to isotopy) to connect n “crosses” in the 2-sphere so that all crosses are connected with each other, and
the connecting lines do not intersect.

Exercise. Check by drawing pictures that ¢; = 2, ¢o = 36.

Theorem 6.1. (Brezin, Itzykson, Parisi, Zuber, 1978). One has
en = (12)"(2n — 1)!/(n + 2)!

6.2. Proof of Theorem 6.1. Let us present the proof of this theorem (with some omissions). We will
assume that g is a positive real number, and compute the function W, (g) explicitly. We follow the
paper of Brezin, Itzykson, Parisi, and Zuber “Planar diagrams”, Comm. Math. Phys. 59, p. 35-51,
1978.

The relevant matrix integral has the form

A :/ e~ NTr(A%/249A") g 4
b

Passing to eigenvalues, we get

s JIn(9)
Z
where
— —N(Z A} /2493 A A — A)2d)
@ = [ e [0 —x)an

1<j
Thus, W (g) = E(g9) — E(0), where E(g) = limy_oo N2 In Jx(g).

Proposition 6.2. (steepest descent principle) E(g) equals the mazimal value of the logarithm of the
integrand.

The proposition says, essentially, that the integrand has a sufficiently sharp maximum, so that the
leading behavior of the integral can be computed by the steepest descent formula. We note that we
cannot apply the steepest descent formula without explanations, since the integral is over a space whose
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dimension grows as the perturbation parameter 1/N goes to 0. In other words, it is necessary to do
some estimates which we will omit. We will just mention that for g = 0, this result can be derived from
the explicit evaluation of the integral using Hermite polynomials (see §4). For the general case, we refer
the reader to the book of P. Deift “Orthogonal polynomials and random matrices: a Riemann-Hilbert
approach”.

The integrand K(Ay,...,A\y) = e V(X AL /2+g AT [Tic; (N — A;)? has a unique maximum, because
it is logarithmically concave (check it!). The maximum of the integrand is found by equating the partial
derivatives to zero. This yields

1 1
(16) § = N(=\ +29)3).
— i — A 2

Let Ay < Ay < -+ < Ay be the unique (up to permutations) solution of this system of equations.

Proposition 6.3. The normalized counting measures % >26(x — N;) converge weakly to a measure
w(x) = f(z,g)dx, where f(x,g) is a continuous function, supported on a finite interval [—2a,2a], and
differentiable on this interval.

For the proof we again refer the reader to the book of P. Deift (p. 132 and later). We note that for
g =0, by Wigner’s semicircular law, a = 1 and f(z,0) = %\/4 — 2280 f(z,g9) = %\/4 — 22+ 0(g).

Now our job will be to find the function f(z,g). Passing to the limit in equation 16 (which requires
justification that we will omit), we get

2a

1 1

/ flz,g9)dz = —y +2g9y°, |y| < 2a
2 Y — 2

where the integral is understood in the sense of principal value.

This is a linear integral equation on f(x,g), which can be solved in a standard way. Namely, one

considers the analytic function F(y) = Ega y%x (x,g)dz for y in the complex plane but outside of the

interval [—2a, 2a]. For y € [—2a,2a), let F; (y), F_(y) denote the limits of F(y) from above and below.
Then by the Plemelj formula, the integral equation implies

1 1 .
§(F+(1/) +F-(y) = Syt 2gy°.
On the other hand, F} (y) = F_(y). Hence, ReF, (y) = Re(F_(y)) = 1y + 2gy°.

Now set y = a(z + 27 1). Then, as y runs through the exterior of [~2a,2a], z runs through the
exterior of the unit circle. So the function G(z) := F(y) is analytic on the outside of the unit circle,
with decay at infinity, and ReG(2) = 2a(z + 271) + 2ga®(z 4+ 27'), |2| = 1. This implies that G(2) is
twice the sum of all negative degree terms of this Laurent polynomial. In other words, we have

G(2) = 4ga®27% + (a + 12ga®)2 7.
This yields

1 1
F(y) = 2Y + 2gy® — (5 + 4ga® + 29y*)\/y? — 4a2.

Now f(y,g) is found as the jump of F"

11
fly.9)=—(5+ 4ga® + 2gy*)\/4a? — y2.

It remains to find @ in terms of g. We have yF(y) — 1, y — oo (as [ f(z,g)dz = 1), hence
2G(z) — 1/a, z — co. This yields 1/a = a + 12ga3, or

12ga* +a®> —1=0.
This allows one to determine a uniquely:

Lo (O 48¢)1/2 — 1)1/2
24¢ )
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Now let us calculate E(g). It follows from the above that

2a 1
o=/ / tnfe = 317 (. ) (. )dody — [ (G0 + ga") f (o )i

—2a
On the other hand, let us integrate the integral equation defining f(z, g) with respect to y (from 0 to
u). Then we get

2a

1

2/ (In|z — u| —In|z|) f(z, g)dx = §u2 + gut.
—2a

Substituting this into the expression for E(g), we get

2a
E(g) = [2 (In |u| — iuQ — %guﬂf(u,g)du

Since f(u, g) is known, this integral can be computed. In fact, can be expressed via elementary functions,
and after calculations we get

E(g) — E(0)=Ilna— i(a2 —1)(9 —a?).

24
Substituting here the expression for a, after a calculation one finally gets:
- 2k —1)!
Elg) - B(0) = S \(—12g)F CK Z DL
(@)~ BO) = 3120 (=

This implies the required formula for ¢,.
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7. QUANTUM MECHANICS

So far we have considered quantum field theory with 0-dimensional spacetime (to make a joke, one
may say that the dimension of the space is —1). In this section, we will move closer to actual physics:
we will consider 1-dimensional spacetime, i.e. the dimension of the space is 0. This does not mean that
we will study motion in a 0-dimensional space (which would be really a pity) but just means that we
will consider only point-like quantum objects (particles) and not extended quantum objects (fields). In
other words, we will be in the realm of quantum mechanics.

7.1. The path integral in quantum mechanics. Let U(g) be a smooth function on the real line
(the potential). We will assume that U(0) =0, U’(0) = 0, and U”(0) = m?, where m > 0.

Remark. In quantum field theory the parameter m in the potential is called the mass parameter.
To be more precise, in classical mechanics it has the meaning of frequency w of oscillations. However, in
quantum theory thanks to Einstein frequency is identified with energy (E = hw/27), while in relativistic
theory energy is identified with mass (again thanks to Einstein, E = mc?).

We want to construct the theory of a quantum particle moving in the potential field U(q). According
to what we discussed before, this means that we want to give sense to and to evaluate the normalized
correlation functions

q(t1) ... q(ty)eS @D/ Dg
<alt).oalty) >i= LU0 D8
where S(q) = [ L(q)dt, and L(q) = ¢*/2 — U(q).

As we dlbcubbed such integrals cannot be handled rigorously by means of measure theory if & is a
positive number; so we will only define these path integrals “in perturbation theory”, i.e. as formal
series in .

Before giving this (fully rigorous) definition, we will explain the motivation behind it. We warn the
reader that this explanation is heuristic and involves steps which are mathematically non-rigorous (or
“formal” in the language of physicists).

7.2. Wick rotation. In §1 we discussed path integrals with imaginary exponential (quantum mechan-
ics), as well as real exponential (Brownian motion). If / is a number, then the integrals with imaginary
exponential cannot be defined measure theoretically. Therefore, people study integrals with real expo-
nential (which can be rigorously defined), and then perform a special analytic continuation procedure
called the Wick rotation.

In our formal setting (k is a formal parameter), one can actually define the integrals in both the
real and the imaginary case. Still, the real case is a bit easier, and thus the Wick rotation is still
useful. Besides, the Wick rotation is very important conceptually. Therefore, while it is not technically
necessary, we start with introducing the Wick rotation here.

Namely, let us denote < q(t1) - - - q(t,) > by GM(t1,...,t,), and “formally” make a change of variable
7 = it in the formula for GM(¢1,...,t,). Let q(t) = q.(7). Then, taking into account that dr = idt,
dq/dt = idq./dT we get

[qu(m) ... q(7, ) - JI3 (%) )2 +U(@)l/h Dy,

GM(ty, ... t,) =
(h ) fe—f[% x Wh Dy,

This shows that
GM(ty, ... tn) = GE(ity, ... it,),

where
GE(t b)) = [q(t1) ... q(tn)e=S#@/h Dg
nh [e—5=@/hDg .
where Sp(q) = [ Lr(q)dt, and Lg(q) = ¢°/2+ U(q) (i.e. Lg is obtained from £ by replacing U with
-U).

This manipulation certainly does not make rigorous sense, but it motivates the following definition.

Definition 7.1. The function GM(¢1,...,t,) (t; € R) is the analytic continuation of the function
GE(sy,...,5,) from the point (t1,...,t,) to the point (ity,...,it,) along the path e¥(ty,...,t,), 0 <
0 <m/2.
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Of course, this definition will only make sense if we define the function GZ(t1,...,t,) and show that
it admits the required analytic continuation. This will be done below.

Terminological remark. The function GM(¢y,...,t,) is called the Minkowskian (time ordered)
correlation function, while GZ(t,...,t,) is called the Euclidean correlation function (hence the nota-
tion). This terminology will be explained later, when we consider relativistic field theory.

From now on, we will mostly deal with Euclidean correlation functions, and therefore will omit the
superscript £ when there is no danger of confusion.

7.3. Definition of Euclidean correlation functions. Now our job is to define the Euclidean corre-
lation functions G, (t1,...,t,). Our strategy (which will also be used in field theory) will be as follows.
Recall that if our integrals were finite dimensional then by Feynman’s theorem the expansion of the
correlation functions in & would be given by a sum of amplitudes of Feynman diagrams. So, in the
infinite dimensional case, we will use the sum over Feynman diagrams as a definition of correlation
functions.

More specifically, because of conditions on U we have an action functional without constant and

linear terms in ¢, so that the correlation function G, (¢1,...,t,) should be given by the sum
17 e (¢ l
nta"-atn = TA+/TN| e tn )y
" Gultnt) = 2L gy e )
FEGZS(n)

Thus, we should make sense of (=define) the amplitudes FT in our situation. For this purpose, we need
to define the following objects.

1. The space V.

2. The form B on V which defines B~! on V*.

3. The tensors corresponding to non-quadratic terms in the action.

4. The covectors ¢;.

It is clear how to define these objects naturally. Namely, V' should be a space of functions on R with
some decay conditions. There are many choices for V', which do not affect the final result; for instance,
a good choice (which we will make) is the space C§°(R) of compactly supported smooth functions on
R, Thus V* is the space of generalized functions on R. Note that V is equipped with the inner product
(f.9) = [p f(2)g(z)dz.

The form B, by analogy with the finite dimensional case, should be twice the quadratic part of the
action. In other words, B(q,q) = [(¢* + m?q*)dt = (Aq,q), where A is the operator —d?/dt* + m?.
This means that B=1(f, f) = (A~'f, f)

The operator A~! is an integral operator, with kernel K (z,y) = G(x — y), where G(x) is the
Green’s function of A, i.e. the fundamental (decaying at infinity) solution of the differential equation
(AG)(z) = 6(x). It is straightforward to find that

G(x) = e ™l jom.

(thus B~! is actually defined not on the whole V* but on a dense subspace of V*).

Remark. Here we see the usefulness of the Wick rotation. Namely, the spectrum of A in L? is
[m?, +00), so it is invertible and the inverse is bounded. However, if we did not make a Wick rotation,
we would deal with the operator A’ = —d?/dt?> —m?, whose spectrum is [-m?, +00), i.e. contains 0, so
that the operator is not invertible in the naive sense.

To make sense of the cubic and higher terms in the action as tensors, consider the decomposition of
U in the (asymptotic) Taylor series at x = 0: U(z) = m2?2?/2 + > >3 anx™/nl. This shows that cubic
and higher terms in the action have the form

B.(q,q,--.,9) :/qr(t)dt

Thus B,(q1,...,¢r) is an element of (S"V)* given by the generalized function 6, —...—, (the delta
function of the diagonal).

Finally, the functionals ¢; are given by ¢;(q) = q(t;), so £; = §(t — t;).

This leads to the following Feynman rules of defining the amplitude of a diagram I

1. To the i-th external vertex of I' assign the number ¢;.
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. To each internal vertex j of I', assign a variable s;.
. For each internal edge connecting vertices j and j’, write G(s; — s;/).
. For each external edge connecting ¢ and j write G(t; — s;).
. For each external edge connecting ¢ and i’ write G(t; — t;).
. Let Gr(t,s) be the product of all these functions.
. Let Fr(ty,...4,) = H]( au(y)) [ Gr(t,s)ds, where v(j) is the valency of j.
We are finally able to give the following definition.

N O Ok W

Definition 7.2. The function G, (t1,...,t,) is defined by the formula 17.

Remark. Note that the integrals defining Fr are convergent since the integrand always decays
exponentially at infinity. It is, however, crucial that we consider only graphs without components
having no external vertices; for example, if I' has a single 4-valent vertex connected to itself by two
loops (Fig. 23) then the amplitude integral involves [, G(0)*ds, which is obviously divergent.

FIGURE 23

With this definition, the function G, (¢1,...,t,) is a Laurent series in /i, whose coefficients are sym-
metric functions of t1, . . ., t,,, given by linear combinations of explicit (and convergent) finite dimensional
integrals. Furthermore, it is easy to see that these integrals are in fact computable in elementary func-
tions, i.e. are (in the region t; > --- > t,) linear combinations of products of functions of the form
tTei. This implies the existence of the analytic continuation required in the Wick rotation procedure.

Remark. An alternative setting for making this definition is to assume that a,; are formal parameters.
In this case, & can be given a numerical value, e.g. A = 1, and the function G, will be a well defined
power series in as, Ay, . . ..

Example 1. The free theory: U(g) = m?¢*/2. In this case, there is no internal vertices, and hence
we have

Proposition 7.3. (Wick’s theorem) One has G, (t1,...,t,) =0 if n is odd, and
Gok(tr, .. tox) = H* > II Gt —tow)
o€lly ie{l,...,2k} /o

In particular, Go(t1,t2) = AG(t1 — t2). In other words, Ga(t1,t2) is (proportional to) the Green’s
function. Motivated by this, physicists often refer to correlation functions of a quantum field theory as
Green’s functions.

tl t2
F1GURE 24
Example 2. Consider the potential U(q) = m?¢?/2 + gq*/24, and set A = 1. In this case, let us

calculate the 2-point correlation function modulo g2. In other words, we have to compute the coefficient
of g in this function. Thus we have to consider Feynman diagrams with two external edges and one
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internal vertex. Such a diagram I' is unique: it consists of one edge with a loop attached in the middle
(Fig. 24). This diagram has automorphism group Z/2. The amplitude of this diagram is

Fr = —g/ G(s,t1)G(s,t2)G(s,s)ds = L/ e~ mlls—til+ls=t21) gg
R 8m3 Jp
Because of symmetry in ¢; and ¢, we may assume that t; > ¢5. Splitting the integral in a sum of three
integrals, over (—oo, ta], [t2, t1], and [t1, 00), respectively we get:

Ga(t1,t2) = G(t1 — t2),
where
Gty = it — _9_(L 2
Glt) = 5—e(1 = L (— Je])) + O(?)
This expression is called the 1-loop approximation to the 2-point function, because it comes from 0-loop
and 1-loop Feynman diagrams.

Remark. Here we are considering quantum mechanics of a single 1-dimensional particle. However,
everything generalizes without difficulty to the case of an n-dimensional particle or system of particles
(i.e. to path integrals over the space of vector valued, rather than scalar, functions of one variable).
Indeed, if q takes values in a Euclidean space V' then the quadratic part of the Lagrangian is of the form
%(q’2 — M(q)), where M is a positive definite quadratic form on V. Reducing M to principal axes, we
may assume that the quadratic part of the Lagrangian looks like % Zi(qu —m?q?), which corresponds
to a system of independent harmonic oscillators. Thus in quantum theory the propagator will be the
diagonal matrix with diagonal entries e~™lt=s| /2m;, and the correlation functions can be defined by
the usual Feynman diagram procedure.

7.4. Connected Green’s functions. Let G¢(t1,...,t,) be the connected Green’s functions, defined
by the sum of the same amplitudes as G, (t1, ..., t,) but taken over connected Feynman diagrams only.
It is clear that

{1,...,n}=S11...USk

For example, Ga(t1,t2) = G5(t1,t2) + G§(£1)G5(t2), etc. Thus, to know the correlation functions, it is
sufficient to know the connected correlation functions.
Example 1. In a free theory (U = m?¢?/2), all connected Green’s functions except Ga vanish.

to

tr t3

ta

FIGURE 25

Example 2. Let us compute the connected 4-point function in the theory associated to quartic
potential U as above, modulo g?. This means, we should compute the contribution of connected
Feynman diagrams with one internal vertex and 4 external edges. Such diagram I' is unique —it is the
cross (with one internal vertex), Fig. 25. This diagram no nontrivial automorphisms. Thus,

GS(t1,ta,t3,t4) = fg/]RG(tl — 5)G(ty — 5)G(tz — 5)G(ts — 5)ds + O(g?).

It is elementary to compute this integral; we leave it as an exercise.
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7.5. The clustering property. Note that the Green’s function G(t) goes to zero at infinity. This
implies the following clustering property of the correlation functions of the free theory:

zll{go gn(tlv et tepr F 2,000t + Z) = gT(tla <. atr)gn—r(tr+1 . tn)

Moreover, it is easy to show that the same is true in the interacting theory (i.e. with potential) in each
degree with respect to A (check it!). The clustering property can be more simply expressed by the
equation

Zlingogﬁ(tl,...,tr,tr+1 +2z,..0,tn+2)=0.
This property has a physical interpretation: processes distant from each other are almost statistically
independent. Thus it can be viewed as a necessary condition of a quantum field theory to be “physically
meaningful”.
Remark. Nevertheless, there exist theories (e.g. so called topological quantum field theories) which

do not satisfy the clustering property but are interesting both form a physical and mathematical point
of view.

7.6. The partition function. Let J(¢)dt be a compactly supported measure on the real line. Consider
the “partition function with external current J”, which is the formal expression

Z(J) _ /efsE(qerr(M) Dq.

Then we have a formal equality

Z(J) ~—h"
m_znzv R”gn(tl"'"t”)‘](tl)"'J(tn)dtl"'dtn,

which, as before, we will use as definition of Z(.J)/Z(0). So the knowledge of Z(.J)/Z(0) is equivalent
to the knowledge of all the Green’s functions (in other words, Z(J)/Z(0) is their generating function).
Furthermore, as in the finite dimensional case, we have

Proposition 7.4. One has

Z(J) _
Z(0)

B
W(J) i=In ZW/g'rcz(tlﬂ'“,tn)J(tl)"'J(tn)dtl~~~dtn

(i.e. W is the generating function of connected Green’s functions)

The proof of this proposition is the same as in the finite dimensional case.

Remark. The statement of the proposition is equivalent to the relation between usual and connected
Green’s functions, given in the previous subsection.

Remark. The fact that we can only define amplitudes of graphs whose all components have at least
one l-valent vertex (see above) means that we actually cannot define either Z(0) or Z(J) but can only
define their ratio Z(J)/Z(0).

Like in the finite dimensional case, we have an expansion

W(J) = " Wo(J) + Wi (J) + AWa(J) +---,

where W; are the j-loop contributions (in particular, Wy is given by a sum over trees). Furthermore,
we have explicit formulas for Wy and W7, analogously to the finite dimensional case.

Proposition 7.5. One has
Wo(J) = =SEe(qs) + (a5, 7),
where qy is the extremal of the functional S%(q) := Sr(q)— (g, J) which decays at infinity. Furthermore,

1
Wl(J) = 75 In det L,],

where Ly is the linear operator on V such that d*S%(qs)(f1, f2) = d2S%(0) (L f1, f2)-
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The proof of this proposition, in particular, involves showing that ¢; is well defined and that det L ;
exists. It is analogous to the proof of the same result in the finite dimensional case which is given in
83.7 (to be precise, we gave a proof only in the 0-loop case; but in the 1-loop case, the proof is similar).
Therefore we will not give this proof; rather, we will illustrate the statement by an example.

Example. Let U be the quartic potential and J(¢) = ad(t). In this case, S%(q) = [(¢*/2+U(q))dt—
aq(0). The Euler-Lagrange equation has the form

G=m>q+gq®/6 — ad(t).
Thus, the function ¢; is continuously glued from two solutions ¢;,q— of the nonlinear differential
equation G = m?q + gq*/6 on (—o0,0] and [0, 00), with jump of derivative at 0 equal to —a.
The solutions ¢4,q— are required to decay at infinity, so they must be solutions of zero energy
(E = ¢+?/2—U(qs) = 0). Thus, by the standard formula for solutions of Newton’s equation, they are

defined by the equality
/ 2
/" E+U /mqvl—klgfn \/ 12m2+1

After a calculation one gets
12m?2
V g

C—lemlt] — Ce—mlt|’

t—ty =

qs(t) =

where C' is the solution of the equation

C+0ot B g a
(C—Cc-1H2 | 12m22m

which is given by a power series in a with zero constant term. ;From this it is elementary (but somewhat
lengthy) to compute Wy = —S%(qs).

Now, the operator L; is given by the formula L; = 1+ gA=tq;(t)?/2, where A = —d?/dt®> + m>.

—m|z—y| 2

Thus det L; makes sense. Indeed, the operator A=1q;(t)? is given by the kernel < anq" W which
decays exponentially at infinity; hence this operator is trace class and therefore, 1 + gA=1q;(t)?/2 is
determinant class.

7.7. 1-particle irreducible Green’s functions. Let G.F1(¢1,...,t,) denote l-particle irreducible
Green’s functions, i.e. those defined by the sum of the same amplitudes as the usual Green’s functions,
but taken only over 1-particle irreducible Feynman graphs. Define also the amputated 1-particle irre-
ducible Green’s function: GLP'7¢ = A®nGLPL (it is defined by the same sum of amplitudes, except that
instead of G(t; — s;) for external edges, we write d(¢; — s;)).

Let Se(q) be the generating function of G1F1% ie.,

Seft(q) /glpla (t1y -y tn)q(t1) -+ - q(tn)dty - - - diy,

Proposition 7.6. The function W(J) = n(Z(J)/Z(0)) is the Legendre transform of Sew(q), i.e. it
equals —Seir(q7) + (J,Gy), where Gy is the extremal of —Se(q) + (J,q) (decaying at infinity).

The proof of this proposition is the same as in the finite dimensional case. The proposition shows that
in order to know the Green’s functions, it “suffices” to know amputated 1-particle irreducible Green’s
functions (the generating function of usual Green’s functions can be reconstructed from that for 1PI
Green’s functions by taking the Legendre transform and exponentiation). Which is a good news, since
there are a lot fewer 1PI diagrams than general connected diagrams.

7.8. Momentum space integration. We saw that the amplitude of a Feynman diagram is given by
an integral over the space of dimension equal to the number of internal vertices. This is sometimes
inconvenient, since even for tree diagrams such integrals can be rather complicated. However, it turns
out that if one passes to Fourier transforms then Feynman integrals simplify and in particular the
number of integrations for a connected diagram becomes equal to the number of loops (so for tree
diagrams we have no integrations at all).
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Namely, we will proceed as follows. Instead of the time variable ¢ we will consider the dual energy
variable E. A function ¢(t) with compact support will be replaced by its Fourier transform ¢(FE). Then,
by Plancherel formula, for real functions ¢, g2, we have

(fh,qz):/Rfﬁ(E)fb(E)dE:/R%(E)Qz(—E)dE'

This implies that the propagator is given by

B0 = [ gl ) FEE

The vertex tensors standing at k-valent vertices were d,,—...—, , so they will be replaced by dg, +...4+Q, =0,
where @); are dual variables to s;.

Terminological remark. Physicists refer to the time variables ¢;, s; as position variables, and to
energy variables F;, Q) as momentum variables, since in relativistic mechanics (which is the setting
we will deal with when we study field theory) there is no distinction between time and position and
between energy and momentum (due to the action of the Lorenz group).

This shows that the Feynman rules “in momentum space” for a given connected Feynman diagram
I' with n external vertices are as follows.

1. Orient the diagram I, so that all external edges are oriented inwards.

2. Assign variables F; to external edges, and variables ); to internal ones. These variables are
subject to the linear equations of “the first Kirchhof law”: at every internal vertex, the sum of the
variables corresponding to the incoming edges equals the sum of those corresponding to the outgoing
edges. Let Y (E) be the space of solutions Q of these equations (it depends on T', but we will not write
the dependence explicitly). It is easy to show that this space is nonempty only if > E; = 0, and in that
case dim Y (E) equals the number of loops of I" (show this!).

3. For each external edge, write m, and for each internal edge, write W Let ¢r(E, Q) be
the product of all these functions.

4. Define the momentum space amplitude of T' to be the distribution F‘F(E) on the hyperplane
> E; = 0 defined by the formula

Fr(By,...,EB,) = H(_av(j))/ or(E, Q)dQ.
j Y(E)

We will regard it as a distribution on the space of all n-tuples Fj,..., E,, extending it by zero. It is
clear that this distribution is independent on the orientation of T

Remark. Here we must specify the normalization of the Lebesgue measure on the space Y F; =0
and the space Y (E). The first one is just dE; - - - dE,_;. To define the second one, let ¥z(0) be the set
of integer elements in Y (0). Then the measure on Y (E) is defined in such a way that the volume of
Y(E)/Yz(0) is 1.

Now we have

Proposition 7.7. The Fourier transform of the function Fr(6y,,...,0.,) is Fr(Ey,...,Ey). Hence,
the Fourier transform of the connected Green’s functions is
18 e (E E G Fr(E E
(18) Gi(Br B = 3 (B B,
FEG*Z3(n)

The proof of the proposition is straightforward.

To illustrate the proposition, consider an example.

Example 1. The connected 4-point function for the quartic potential, modulo g2, in momentum
space, looks like:

4
1
CEEEE:—”iEEi ).
Gi(Ev, Es, E3, Ey) gi:1Ei2+m25( )+ O(g7)

Example 2. Let us compute the 1PI 4-point function in the same problem, modulo g3. Thus,
in addition to the above, we need to compute the g2 coefficient, which comes from 1-loop diagrams.
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1

FIGURE 26

There are three such diagrams, differing by permutation of external edges. One of these diagrams is as
follows: it has external vertices 1,2, 3,4 and internal ones 5,6 such that 1,2 are connected to 5, 3,4 to
6, and 5 and 6 are connected by two edges (Fig. 26). This diagram has the symmetry group Z/2, so its
contribution is

2

g dQ 4 1
7(/]R (Q*>+m?)((F1 + E2 —Q)? + m2))£[1 B2+ m? 5(2 E;).

The integral inside is easy to compute for example by residues. This yields

g’fL(Elﬁ E27 E3a E4) =

4 1
[] 1 g 1 .
B Frmet E; .
gi:1E12+m2( m;(E1+Ei)2+4m2)5(§ )+ O(g%)

7.9. The Wick rotation in momentum space. To obtain the correlation functions of quantum
mechanics, we should, after computing them in the Euclidean setting, Wick rotate them back to the
Minkowski setting. Let us do it at the level of Feynman integrals in momentum space. (We could do
it in position space as well, but it is instructive for the future to do it in momentum space, since in
higher dimensional field theory which we will discuss later, the momentum space representation is more
convenient).

Consider the Euclidean propagator

1

— iEt
m = /G(t)e dt,

where G is the Green’s function. When we do analytic continuation back to the Minkowski setting, we
must replace in the correlation functions the time variable ¢ with e?t, where # varies from 0 and /2.
In particular, the Green’s function G(t) must be replaced by G(e?t). So we must consider
. . . ] efie
/G(e’et)e’Etdt: e*’O/G(t)ew Btge =

e—2i9E2 + m2 :

For brevity the

As 0 — /2, this function tends (as a distribution) to the function lim. o1 gr—ezrr-

limit sign is usually dropped and this distribution is written as m
We see that in order to compute the correlation functions in momentum space in the Minkowski
setting, we should use the same Feynman rules as in the Euclidean setting except that the propagator
put on the edges should be
i
E?2—m2tie
For instance, the contribution of the diagram in Fig. 26 is

2 4

9

aQ 1
2 (/R Q% —m2 +ie)((Ey + B2 — Q)2 — m2 +i€)) 11 E? —m? +i56(ZEj)'
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7.10. Quantum mechanics on the circle. It is reasonable (at least mathematically) to consider
FEuclidean quantum mechanical path integrals in the case when the time axis has been replaced with a
circle of length L, i.e. t € R/LZ. In this case, the theory is the same, except the Green’s function G(t)
is replaced by the periodic solution G'1(¢) of the equation (—d?/dt? + m?)f = §(t) on the circle. This
solution has the form
e—m(t—L/2) | g—m(L/2—1)
GL(t) - Z G(t o kL) - Qm(emL/Q _ e—mL/2) y0st< L.
keZ

We note that in the case of a circle, there is no problem with graphs without external edges (as
integral over the circle of a constant function is convergent), and hence one may define not only correla-
tion functions (i.e. Z(J)/Z(0)), but also Z(0) itself. Namely, let U(q) = m?¢*/2 + Y, <5 ang"/n!,
and let m? = mi + az (where a; are formal parameters). Then we can make sense of the ratio
Zmo,a,1.(0)/Zme.0,(0) (where Z,, a,1.(0) denotes the partition function for the specified values of pa-
rameters; from now on the argument 0 will be dropped). Indeed, this ratio is defined by the formula

Ko@)

Zmo a,L Z
I} bt Sl 7]:’117
Zm07O,L FEng(O) |Aut(F)|

which is a well defined expression.
It is instructive to compute this expression in the case as = a, ag = a4 = --- = 0. In this case,
we have only 2-valent vertices, so the only connected Feynman diagrams are N-gons, which are 1-loop.

Hence,

Z 1
In 2mo2L — = — ZIndet M,
Zmo,0,L 2
where M = 1+ a(—d?/dt?> + m3)~!. This determinant may be computed by looking at the eigenvalues.
Namely, the eigenfunctions of —d?/dt?> + m3 in the space C*(R/LZ) are e2™/L with eigenvalues
—4”;2”2 +m3. So,
a
det M = JT(1 4 —r—).
0 ey

Hence, using the Euler product formula for sinh(z), we get
Zmg,a,r, _ sinh(mgL/2)
Zmo0.r,  sinh(mL/2)

Remark. More informally speaking, we see that the partition function Z for the theory with
U = m?q¢*/2 has the form W”CYL'L/Q)7 where C'is a constant of our choice. Our choice from now on will

be C' = 1/2; we will see later why such a choice is convenient.

7.11. The massless case. Consider now the massless case, m = 0. In this case the propagator
should be obtained by inverting the operator —%, i.e. it should be a the integral operator with kernel
G(t — s), where G(t) is an even function satisfying the differential equation —G”(t) = 6(¢). There is a
1-parameter family of such solutions, G(t) = —i|t| + C. Using them (for any choice of C), one may
define the correlation functions of the theory by the Wick formula.

Note that the function G does not decay at infinity. Therefore, this theory will not satisfy the
clustering property (i.e. is not “physically meaningful”).

We will also have difficulties in defining the corresponding interacting theory (i.e. one with a non-
quadratic potential), as the integrals defining the amplitudes of Feynman diagrams will diverge. Such
divergences are called infrared divergences, since they are caused by the failure of the integrand to decay
at large times (or, in momentum space, its failure to be regular at low frequencies).

7.12. Circle valued quantum mechanics. Consider now the theory with the same Lagrangian in
which ¢(t) takes values in the circle of radius r, R/27rZ (the “sigma-model”). We can do this at least
classically, since the Lagrangian ¢?/2 makes sense in this case.

Let us define the corresponding quantum theory. The main difference from the line-valued case is that
since ¢(t) is circle valued, we should consider not the usual correlators < ¢(t1)---¢(t,) >, but rather
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correlation functions exponentials < e?19(t1)/7 ... girna(ts)/T > ~where p; are integers. They should be
defined by the path integral

(19) /eimq(tl)/T .. .eiPnQ(tn)/TG*S(Q)/thv

S(q) = %fq'2dt where fe_s(q)/th is agreed to be 1. Note that we should only consider the case
> pi = 0, otherwise the group of translations along the circle acts nontrivially on the integrand, and
hence under any reasonable definition the integral should be zero.

Now let us define the integral (19). Since the integral is invariant under shifts along the target circle,
we may as well imagine that we are integrating over ¢ : R — R with ¢(0) = 0. Now, let us use the finite
dimensional analogy. Following this analogy, by completing the square we would get

67ﬁ371(ijq(tj)1zqu(tj)) _ e_hZPleG(tl_tj)/2T2 = P2 pipslti—t;1/2r?

where B(q,q) = [ ¢%dt. Thus, it is natural to define the correlators by the formula

< etPra(t)/r . pipna(te)/m S — A3 Plpj\tl—tjl/QTQ_

We note that this theory, unlike the line-valued one, does satisfy the clustering property. Indeed, if
> pj =0 (as we assumed), then (assuming t; >ty > --- > t,,), we have
n—1
D it —t) =Y (G —tis) @i+ )1+ ) ==Y (5 —tip)(pr+ -+ py)
I<y Jj=1 J
so the clustering property follows from the fact that (p; + -+ +p;)? > 0.

7.13. Massless quantum mechanics on the circle. Consider now the theory with Lagrangian ¢%/2,
where ¢ is a function on the circle of length L. In this case, according to the Feynman yoga, we must
invert the operator —d?/dt? on the circle R/LZ, or equivalently solve the differential equation —G"(t) =
5(t). Here we run into trouble: the operator —d?/dt? is not invertible, since it has eigenfunction 1 with
eigenvalue 0; correspondingly, the differential equation in question has no solutions, as [ G”dt must be
zero, so —G" (t) cannot equal §(¢) (one may say that the quadratic form in the exponential is degenerate,
and therefore the Gaussian integral turns out to be meaningless). This problem can be resolved by the
following technique of “killing the zero mode”. Namely, let us invert the operator —d?/dt*> on the
space {q € C*°(R/LZ) : [ qdt = 0} (this may be interpreted as integration over this codimension one
subspace, on which the quadratic form is nondegenerate). This means that we must find the solution
of the differential equation —G”(t) = 6(t) — 1, such that [ Gdt = 0. Such solution is indeed unique,
and it equals G(t) = % — L.t €[0,L]. Thus, for example < ¢(0)? >= L/12.

Higher correlation functions are defined in the usual way. Moreover, one can define the theory with
an arbitrary potential using the standard procedure with Feynman diagrams.

Finally, let us consider the circle valued version of the same theory. Thus, our integration variable is
amap q: R/LZ — R/2wrZ. Let us first consider integration over degree zero maps. Then we should
argue in the same way as in the case t € R, and make the definition

< ePrat)/r . eipna(tn)/r 5 o=h3 IDMDJ‘G(tz—tj)/27“27

where ) p; = 0. (Here subscript 0 stands for degree zero maps). Assuming that 1 > ¢,--- ,t, >0, we
find after a short calculation

< ePra(t)/r | gipna(tn)/r >0= ez%(ZKj mpjItL—t_7\+(Ep_7t_7)2/L)_

(the second summand disappears as L — oo, and we recover the answer on the line).

It is, however, more natural (as we will see later) to integrate over all (and not only degree zero)
maps ¢q. Namely, let N be an integer. Then all maps of degree N have the form ¢(t) + 27rNt/L, where
q is a map of degree zero. Thus, if we want to integrate over maps of degree N, we should compute the
same integral as in degree zero, but with shift ¢ — ¢ + 27rN¢/L. But it is easy to see that this shift
results simply in rescaling of the integrand by the factor e27¢2-Piti N/ L—2rm*r*N*/hL
over all maps should be defined by the formula

. Thus, the integral

< eiplq(tl)/T .. eipn‘I(tn)/"‘ >=
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YN/L—27%r2N? /KL

2mi(30 pits
otz (Src, pimslti—t5 | (S pyt)?/1) 2N ©
' Z 672772T2N2/hL
N

Introduce the elliptic theta-function
O(u,T) = Z e2miuN—TN?/2
Nez
Then the last formula (for t; > --+ > t,) can be rewritten in the form

b 2 2
Q(ZPLJU’@%E )

00,42y

(20) < eiPI(I(tl)/r . eiPnQ(tn)/T >= 621%(Zj(thrl7tj)(p1+"'+17j)2+(z Pjtj)z/L)
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8. OPERATOR APPROACH TO QUANTUM MECHANICS

In mechanics and field theory (both classical and quantum), there are two main languages — La-
grangian and Hamiltonian. In the classical setting, the Lagrangian language is the language of vari-
ational calculus (i.e. one studies extremals of the action functional), while the Hamiltonian language
is that of symplectic geometry and Hamilton equations. Correspondingly, in the quantum setting, the
Lagrangian language is the language of path integrals, while the Hamiltonian language is the language
of operators and Schrédinger equation. We have now studied the first one (at least in perturbation
expansion) and are passing to the second.

8.1. Hamilton’s equations in classical mechanics. We start with recalling the Lagrangian for-
malism of classical mechanics. For more details, we refer the reader to the excellent book of Arnold
“Mathematical methods of classical mechanics”.

Consider the motion of a classical particle (or system of particles). The position of a particle is
described by a point ¢ of the configuration space X, which we will assume to be a manifold. The
Lagrangian of the system is a (smooth) function £ : TX — R on the total space of the tangent bundle
of X. Then the action functional is S(¢) = [ £(g, ¢)dt. The trajectories of the particle are the extremals
of S. The condition for ¢(t) to be an extremal of S is equivalent to the Euler-Lagrange equation (=the
equation of motion), which in local coordinates has the form

4oL oL
dt 0¢’  0q’
For example, if X is a Riemannian manifold, and £(g,v) = v?/2—U(q), where U : X — R is a potential
function, then the Euler-Lagrange equation is the Newton equation

(j = _gradU(Q> )

where § = V¢ is the covariant derivative with respect to the Levi-Civita connection.
Consider now a system with Lagrangian £(g,v), whose differential with respect to v (for fixed g) is
a diffeomorphism Ty, X — T X. This is definitely true in the above special case of Riemannian X.

Definition 8.1. The Hamiltonian (or energy function) of the system with Lagrangian £ is the function
H : T*X — R, which is the Legendre transform of £ along fibers; that is, H(q,p) = pvo — L(gq, vo),
where vg is the (unique) critical point of pv — £(g,v). The manifold T*X is called the phase space (or
space of states). The variable p is called the momentum variable.

For example, if £ = v?/2 — U(q), then H(q,p) = p?/2 + U(q).

Remark. Since Legendre transform is involutive, we also have that the Lagrangian is the fiberwise
Legendre transform of the Hamiltonian.

Let ¢; be local coordinates on X. This coordinate system defines a coordinate system (g;,p;) on
T X.

Proposition 8.2. The equations of motion are equivalent to the Hamilton equations

. _oH . 9H
Q’L - 8p77pl - aql7

in the sense that they are obtained from Hamilton’s equations by elimination of p;.

It is useful to write Hamilton’s equations in terms of Poisson brackets. Recall that the manifold
T*X has a canonical symplectic structure w. In fact, w = da, where « is a canonical 1-form on T* M
constructed as follows: for any z € T(, )\ (T*X), a(z) = (p,dn(q,p)z), where 7 : T*X — X is the
projection. In local coordinates, we have o = > p;dg;, and w = > dp; A dg;.

Now let (M,w) be a symplectic manifold (in our case M = T*X). Since w is nondegenerate, one can
define the Poisson bivector w™!, which is a section of the bundle A2T'M. Now, given any two smooth
functions f,g on M, one can define a third function — their Poisson bracket

{f.g} = (df ® dg,w™")
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This operation is skew-symmetric and satisfies Jacobi identity, i.e. it is a Lie bracket on C*°(M). For
M =T*X, in local coordinates we have

B of 9g  Of 0g
{fvg}_z<8qi8pi apiaqz')

i

This shows that Hamilton’s equations can be written in the following manner in terms of Poisson
brackets:

< Fa(0),(0) = (7 HYa(0),p(0).

for any smooth function (“classical observable”) f € C°(T*X). In other words, Hamilton’s equations
say that the rate of change of the observed value of f equals the observed value of {f, H}.

Note that for a given Lagrangian, the unique function H (up to adding a constant) for which equations
(21) are equivalent to the equations of motion is the Hamiltonian. This provides another definition of
the Hamiltonian, which does not use the notion of the Legendre transform.

(21)

8.2. Hamiltonians in quantum mechanics. The yoga of quantization says that to quantize classical
mechanics on a manifold X we need to replace the classical space of states T*X by the quantum space
of states — the Hilbert space H = L?(X) on square integrable complex half-densities on X (or, more
precisely, the corresponding projective space). Further, we need to replace classical observables, i.e. real
functions f € C°°(T*X), by quantum observables f, which are (unbounded) self-adjoint operators on
H (not commuting with each other, in general). Then the (expected) value of an observable A at a
state ¢ € H of unit norm is by definition (v, At)).

The operators f should linearly depend on f. More importantly, they should depend on a positive
real parameter & called the Planck constant, and satisfy the following relation:

1£,4] = ih{f. 9} + O(h2), h— 0.

Since the role of Poisson brackets of functions is played in quantum mechanics by commutators of
operators, this relation expresses the condition that classical mechanics should be the limit of quantum
mechanics as i — 0.

We must immediately disappoint the reader by confessing that there is no canonical choice of the
quantization map f — f . Nevertheless, there are some standard choices of f for particular f, which we
will now discuss.

Let us restrict ourselves to the situation X = R, so on the phase space we have coordinates ¢
(position) and p (momentum). In this case there are the following standard conventions.

1. f= f(q) (multiplication operator by f(q)) when f is independent of p.

2. p7 — (—iha)™.

(Note that these conventions satisfy our condition, since [, p] = ik, while {¢,p} = 1.)

Example. For the classical Hamiltonian H = p?/2 + U(q) considered above, the quantization will
be H = —z—zj—; + Ul(q).

Remark. The extension of these conventions to other functions is not unique. However, such an
extension will not be used, so we will not specify it.

Now let us see what the quantum analog of Hamilton’s equations should be. In accordance with the
outlined quantization yoga, Poisson brackets should be replaced in quantum theory by commutators
(with coefficient (ih)~! = —i/h). Thus, the Hamilton’s equation should be replaced by the equation

d B (A, H] i -
2 W), Av(t) = (1), —— (1)) = —5 (¥(0), [4, H]4 (1)),

where (,) is the Hermitian form on H (antilinear on the first factor) and H is some quantization of the
classical Hamiltonian H. Since this equation must hold for any A, it is equivalent to the Schrédinger
equation

. i
=~ Hy.

Thus, the quantum analog of the Hamilton equation is the Schrédinger equation.
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Remark. This “derivation” of the Schrodinger equation is definitely not a mathematical argument.
It is merely a reasoning aimed to motivate a definition.
The general solution of the Schrodinger equation has the form

(1) = e (0).
Therefore, for any quantum observable A it is reasonable to define a new observable A(t) =

e”ﬁ/hA(O)e’“H/h (such that to observe A(t) is the same as to evolve for time ¢ and then observe A).
The observable A(t) satisfies the equation

A'(t) = —i[A(t), H]/h,
and we have
(1(t), Agp(t)) = (1(0), A(t)¥(0)).
The two sides of this equation represent two pictures of quantum mechanics: Heisenberg’s (observables

change, states don’t), and Schrodinger’s (states change, observables don’t). The equation expresses the
equivalence of the two pictures.

8.3. Feynman-Kac formula. Let us consider a 1-dimensional particle with potential U(q) = m?2¢* +
di>3 g;¢’/j!. Let us assume that U > 0 and U(q) — oo as |¢g| — oo. In this case, the operator

H = —g—gj—; + U(q) is positive definite, and its spectrum is discrete. In particular, we have unique
lowest eigenvector 2, which is given by a positive function with norm 1. The correlation functions in
the Hamiltonian setting are defined by the formula

GHam (g ) = (2, q(th).q(tn)Q).

Remark 1. The vector (2 is called the ground, or vacuum state, since it has lowest energy, and
physicists often shift the Hamiltonian by a constant, so that the energy of this state is zero (i.e. there
is no matter).

Remark 2. Physicists usually write the inner product (v, Aw) as < v|A|w >. In particular, Q is
written as < 0] or [0 >.

Theorem 8.3. (Feynman-Kac formula) If t; > --- > t,, then the function GE*™ admits an asymptotic
ezpansion in i (near h = 0), which coincides with the path integral correlation function GM constructed
above. Equivalently, the Wick rotated function GHa™(—ity, ..., —it,) equals GF.

This theorem plays a central role in quantum mechanics, and we will prove it below. Before we do
S0, let us formulate an analog of this theorem for “quantum mechanics on the circle”.

Let G r(t1,...,t,) denote the correlation function on the circle of length L (for 0 < ¢, < ---
<t < L), and let Z, be the partition function on the circle of length L, defined from path integrals.
Also, let

Zgam — Tr(efLH/h)’
and ,
Tr(q(—itn) - - q(—ity)e /M)

Gnp(ty,...,ty) = _
z(t ) Tr(e-LH/n)

Theorem 8.4. (Feynman-Kac formula on the circle) The functions ZHa™ g};{agﬂ admit asymptotic

expansions in h, which coincide with the functions Zp, and G, 1, computed from path integrals.

Note that Theorem 8.3 is obtained from Theorem 8.4 by sending L to infinity. Thus, it is sufficient
to prove Theorem 8.4.
Remark. As we mentioned before, the function GZ can be defined by means of Wiener integral,

and the equality GHa™(—ity, ..., —it,) = GE(t1,...,t,) actually holds for numerical values of A, and
not only in the sense of power series expansions. The same applies to the equalities ZHam = 7
QTI;I,aLm = G,,.1.. However, these results is technically more complicated and are beyond the scope of these

notes.
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Example. Consider the case of the quadratic potential. By renormalizing variables, we can assume
that h=m = 1, so U = ¢?/2. In this case we know that Z; = m On the other hand, H is the
Hamiltonian of the quantum harmonic oscillator:

R 1 d? q2
H=—=—+4—.
2 dg? + 2
The eigenvectors of this operator are well known: they are Hy (x)e*g”z/ 2, where Hj, are the Hermite
polynomials (k > 0), and the eigenvalues are k + 1/2 (see Theorem 4.10). Hence,

ZEam — e—L/2 +€_3L/2 + = 1 — ZL7

oL/2 _ o—L/2
as expected from the Feynman-Kac formula. (This shows the significance of the choice C'=1/2 in the
normalization of Zp).

8.4. Proof of the Feynman-Kac formula in the free case. Consider again the quadratic Hamil-

tonian H = —%—22 + q . Note that it can be written in the form

H=0a'a+1/2,

where a = %(f—q +q), at = \%(—diq +¢). The operators a, a' define a representation of the Heisenberg

algebra on H:
[a,a’] = 1.

Thus the eigenvectors of H are (af)"Q (where Q = e’/ 2) is the lowest eigenvector), and the eigenvalues
n+ % (as we already saw before in Theorem 4.10).

Remark. The operators a and a are called the annihilation and creation operators, since a{) = 0,
while all eigenvectors of H can be “created” from Q by action of powers of a'.

Now, we have

9(0) =g = —=(a+ah).

&\H

Since [aa,a] = —a, [a'a,a’] = a', we have

1, ; 1
q(t) _ _6ztaTa(a+ aT)efztaTa _

V2 V2

(efita + eita]‘)

This shows that

Tr([T}, (5 al + e bajeFl'eth)

Ham . . — 9—n/2
g ( ’Ltl,..., Ztn) 2 Tr(eiL(aTaJr%))

Now we can easily prove Theorem 8.4. Indeed, let us move the terms e*a’ and e~*1a around the trace
(using the cyclic property of the trace). This will yield, after a short calculation,

n
Gty ) =3
j=2

etl—tj 61‘7‘—1‘1
gn 2,L t2a~~~;tj*17tj+17"'7t’ﬂ)(€[, -1 - €_L _ 1) =

N | =

n
ZQ,L_Q,L(tQ, ottt )Gt — ).
=2

This implies the theorem by induction.
Note that in the quadratic case there is no formal expansions and the Feynman-Kac formula holds
as an equality between usual functions.
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8.5. Proof of the Feynman-Kac formula (general case). Now we consider an arbitrary potential
U = m?¢?/2 + V(q), where V(q) = > ,~59xq"/k!. For simplicity we will assume that 4 = 1 and
coefficients g; as formal parameters (this ‘does not cause a loss of generality, as this situation can be
achieved by rescaling). Let us first consider the case of partition function. We have ZHam = Tr(e_LH )=

Tr(e_L(ﬁO"’V)), where Hy = —%j—; + %quQ is the free (=quadratic) part of the Hamiltonian. Since g,
are formal parameters, we have a series expansion
(22)
e~ L(Ho+V) _ —LHo Z(_l)N/ e~ (L=s1)Hoy p—(s1=s2)Hoys .. p=(sn—1—50)Hoysp—snHo g

N>1 L>s12>...2s5n2>0
This follows from the general fact that in the (completed) free algebra with generators A, B, one has
(23) eATB — A 4 Z / e1=s1)ABe(s1=52)Ap . glsn-1—sn)ABesnAgg

N>1 1>s12--2sn2>0

(check this identity!).
Equation 22 shows that

o0

Zim = N ()N N I TIIN (g (s, - go(—isy )Y e H),
N>0 Jrogn=3 JLT N

where go(t) is the operator ¢(¢) in the free theory, associated to the potential m?q?/2.

Since the Feynman-Kac formula for the free theory has been proved, the trace on the right hand
side can be evaluated as a sum over pairings. To see what exactly is obtained, let us collect the terms
corresponding to all permutations of ji, .., jn together. This means that the summation variables will
be the numbers i3, 4, ... of occurrences of 3,4, ... among ji,...,jn. Further, to every factor go(—is)’
will be assigned a j-valent vertex, with a variable s attached to it, and it is easy to see that ZHa™ equals
the sum over all ways of connecting the vertices (i.e. Feynman diagrams I') of integrals

/ H G (sy — su)ds,
OSSl,...,SNSL

edgesv—w

multiplied by the coefficients Hl(fw. Thus, ZHam = 7, as desired.

Now let us consider correlation functions. Thus we have to compute
Tr(e—(L—tl)ﬁqe—(tl—tg)Hq o qe_t"ﬁ).

Expanding each exponential inside the trace as above, we will clearly get the same Feynman diagram
sum, except that the Feynman diagrams will contain n external vertices marked by variables ¢1,. .., t,.
This implies that gfl{aLm = Gy, 1, and we are done.

8.6. The massless case. Consider now the massless case, m = 0, in the Hamiltonian setting. For maps
q:R — R, we have H = L%(R), and H= —%2 %. This operator has continuous spectrum, and there is
no lowest eigenvector ) (more precisely, there is a lowest eigenvector £ = 1, but it is not in L?), which
means that we cannot define the correlation functions in the usual way, i.e. as < Q,q(t1)...q(tn)2 >.
(This is the reflection, in the Hamiltonian setting, of the difficulties related to the growth of the Green’s
function at infinity, which we encountered in the Lagrangian setting).

Consider now the case ¢ : R — S1 = R/277Z. In this case, we have the same Hamiltonian but acting
in the space H := L?(S'). The eigenvectors of this operator are e!N9/"  with eigenvalues h2N?/2r2.
In particular, the lowest eigenvector is Q@ = 1. Thus the Hamiltonian correlation functions (in the
Euclidean setting, for t; > ... > t,) are

(97 etlH/heiplq/re(tzftl)H/h . eip”q/refth/hQ)
ez T(tj—tjp1)(prte+p;)?
)

which is equal to the correlation function in the Lagrangian setting. Thus the Feynman-Kac formula
holds.
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Now we pass to the case of quantum mechanics on the circle. First consider circle valued maps ¢. In
this case, we have Tr(e LH/P) =3 e~ N’Lh/2 “and

Tr(et1ﬁ/heiPM/?"e(tz—tl)H/h .. eipnq/re(L—tn)fI/h) _ Z 62% o (tj—tit1)(N—pi—--—p;)*
N

9

where t,+1 := L, to := 0. Simplifying this expression, we obtain

ez 25t —tip) (1t +ps)? E :e—m%(LN2+2 Y pitiN) _
N

_h_ . )2 h Lh
ez 25t —tir1)(Prt+p;) 9(27rz'7"2 ijtj, r_2>
Comparing with (20), we see that the Feynman-Kac formula holds, and follows from the modular
invariance of the theta-function:
__—2n%d?)T 27T_u ﬁ
O(u,T)=¢e 0( T T ).
(which follows from the Poisson summation formula).

Note that the Feynman-Kac formula would be false if in the Lagrangian setting we had ignored the
topologically nontrivial maps. Thus we may say that the Feynman-Kac formula “sees topology”. This
ability of the Feynman-Kac formula to “see topology” (in much more complex situations) lies at the
foundation of many interrelations between geometry and quantum field theory.

Remark. It should be noted that the contributions of topologically nontrivial maps from the source
circle to the target circle are, strictly speaking, beyond our usual setting of perturbation theory, since
they are exponentially small in 4. To be specific, the contribution from maps of degree N mostly comes
from those maps which are close to the minimal action map gy (t) = 27tNr/L, so it is of the order
e~2m’N?r®/Lh  The maps gn(t) are the simplest examples of “instantons” — nonconstant solutions of
the classical equations of motion, which have finite action (and are nontrivial in the topological sense).
Exponentially small contributions to the path integral coming from integration over neighborhoods of
instantons are called “instanton corrections to the perturbation series”.
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9. FERMIONIC INTEGRALS

9.1. Bosons and fermions. In physics there exist two kinds of particles — bosons and fermions. So
far we have dealt with bosons only, but many important particles are fermions: e.g., electron, proton,
etc. Thus it is important to adapt our techniques to the fermionic case.

In quantum theory, the difference between bosons and fermions is as follows: if the space of states
of a single particle is H then the space of states of the system of k such particles is S*H for bosons
and AFH for fermions. In classical theory, this means that the space of states of a bosonic particle is a
usual real vector space (or more generally a manifold), while for a fermionic particle it is an odd vector
space. Mathematically “odd” means that the ring of smooth functions on this space (i.e. the ring of
classical observables) is an exterior algebra (unlike the case of a usual, even space, for which the ring
of polynomial functions is a symmetric algebra).

More generally, one may consider systems of classical particles or fields some of which are bosonic
and some fermionic. In this case, the space of states will be a supervector space, i.e. the direct sum of
an even and an odd space (or, more generally, a supermanifold — a notion we will define below).

When such a theory is quantized using the path integral approach, one has to integrate functions
over supermanifolds. Thus, we should learn to integrate over supermanifolds and then generalize to
this case our Feynman diagram techniques. This is what we do in this section.

9.2. Supervector spaces. Let k be a field of characteristic zero. A supervector space (or shortly,
superspace) over k is just a Z/2-graded vector space: V =V @ V4. If Vj = k™ and V3 = k™ then
V is denoted by k™. The notions of a homomorphism, direct sum, tensor product, dual space for
supervector spaces are defined in the same way as for Z/2-graded vector spaces. In other words, the
tensor category of supervector spaces is the same as that of Z/2-graded vector spaces.

However, the notions of a supervector space and a Z/2-graded vector space are not the same. The
difference is as follows. The category of vector (and hence Z/2-graded vector) spaces has an additional
symmetry structure, which is the standard isomorphism VW — W®V (given by v®@w — w®wv). This
isomorphism allows one to define symmetric powers S™V, exterior powers A"V, etc. For supervector
spaces, there is also a symmetry V@ W — W ® V, but it is defined differently. Namely, v ® w goes
to (—1)"w @ v, v € Vi, w € V,, (m,n € {0,1}). In other words, it is the same as usual except that if
v,w are odd then v ® w — —w ® v. As a result, we can define the superspaces S™V and A™V for a
superspace V', but they are not the same as the symmetric and exterior powers in the usual sense. For
example, if V' is purely odd (V = V1), then S™V is the exterior m-th power of V', and A™V is the m-th
symmetric power of V' (purely even for even m and purely odd for odd m).

For a superspace V, let IIV be the same space with opposite parity, i.e. (IIV); = Vi_;, i = 0,1. With
this notation, the equalities explained in the previous paragraph can be written as: S™V = II"(A™IIV),
AV =TI™(S™IIV).

Let V =V, @ Vi be a finite dimensional superspace. Define the algebra of polynomial functions on
V, O(V), to be the algebra SV* (where symmetric powers are taken in the super sense). Thus, O(V) =
SV @ AV¥, where Vj and V; are regarded as usual spaces. More explicitly, if z1,...,z, are linear
coordinates on V, and &1, ...,&,, are linear coordinates on Vi, then O(V) = klz1,...,2n,&1, .-+, &m),
with defining relations

Tilj = TjT4, xigr - grxiyfrgs - _fsfr
Note that this algebra is itself a (generally, infinite dimensional) supervector space, and is commutative
in the supersense. Also, if V,W are two superspaces, then O(V & W) = O(V) ® O(W), where the
tensor product of algebras is understood in the supersense (i.e. (a ® b)(c ® d) = (—1)P®P() (ac @ bd),
where p(x) is the parity of z).

9.3. Supermanifolds. Now assume that £k = R. Then by analogy with the above for any supervector
space V we can define the algebra of smooth functions, C*(V) := C*°(Vp) ® AV;*. In fact, this is a
special case of the following more general setting.

Definition 9.1. A supermanifold M is a usual manifold M, with a sheaf C$3 of Z/2Z graded algebras
(called the structure sheaf), which is locally isomorphic to Cgp ® A(&1, ..., &m)-
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The manifold M is called the reduced manifold of M. The dimension of M is the pair of integers
dim My|m.

For example, a supervector space V is a supermanifold of dimension dim V5| dim V4. Another (more
general) example of a supermanifold is a superdomain U := Uy x Vi, i.e. a domain Uy C V} together
with the sheaf CfP ® AV)*. Moreover, the definition of a supermanifold implies that any supermanifold
is “locally isomorphic” to a superdomain.

Let M be a supermanifold. An open set U in M is the supermanifold (Up, C57|u, ), where Up is an
open subset in Mj.

By the definition, supermanifolds form a category SMAN. Let us describe explicitly morphisms
in this category, i.e. maps F' : M — N between supermanifolds M and N. By the definition, it
suffices to assume that M, N are superdomains, with global coordinates zi,...,x,,&1,...,&m, and
Yi,- - Yps M1, - - -, g, Tespectively (here x;, y; are even variables, and &;,7; are odd variables). Then the
map F' is defined by the formulas:

Yi = fo,i(mla v Jmn) + fg}ZJQ(:El? .. axn)gﬁgjz +
= a{)i(xl, oz F agfféjs (@1, 20)&5, E5nEGs + -+ s

where fo;, gfih,a{-’i, aél);”’jﬁ ... are usual smooth functions, and we assume summation over repeated
indices. These formulas, determine F' completely, since for any g € C°°(N) one can find go F' € C*(M)
by Taylor’s formula. For example, if M = N = R'? and F(x, &, &) = (x4 €162, 61, &), and if g = g(z),
then go F(z,£1,&) = g(z + §1&2) = g(z) + g'(2)&1 &e.

Remark. For this reason, one may consider only C* (and not C") functions on supermanifolds.
Indeed, if for example g(x) is a C" function of one variable which is not differentiable r 4+ 1 times, then
the expression g(z + Z::ll €2;-1&2;) will not be defined, because the coefficient of & - - - &a2,42 in this

expression should be g("t1)(z), but this derivative does not exist.

9.4. Supermanifolds and vector bundles. Let M, be a manifold, and E be a vector bundle on
My. Then we can define the supermanifold M := Tot(I1E), the total space of E with changed parity.
Namely, the reduced manifold of M is My, and the structure sheaf C3; is the sheaf of sections of AE™*.
This defines a functor S : BUN — SMAN, from the category of manifolds with vector bundles to the
category of supermanifolds. We also have a functor S, in the opposite direction: namely, S, (M) is the
manifold My with the vector bundle (R/R?)*, where R is the nilpotent radical of C%?.

The following proposition (whose proof we leave as an exercise) gives a classification of supermani-
folds.

Proposition 9.2. 5.5 = Id, and SS. = Id on isomorphism classes of objects.

The usefulness of this proposition is limited by the fact that, as one can see from the above description
of maps between supermanifolds, SS, is not the identity on morphisms (e.g. it maps the automorphism
x — x + & & of RU? to Id), and hence, S is not an equivalence of categories. In fact, the category of
supermanifolds is not equivalent to the category of manifolds with vector bundles (namely, the category
of supermanifolds “has more morphisms”).

Remark. The relationship between these two categories is quite similar to the relationship between
the categories of (finite dimensional) filtered and graded vector spaces, respectively (namely, for them
we also have functors S, S, with the same properties — check it!). Therefore in supergeometry, it is
better to avoid using realizations of supermanifolds as S(My, E), similarly to how in linear algebra it
is better to avoid choosing a grading on a filtered space.

9.5. Integration on superdomains. We would now like to develop integration theory on superman-
ifolds. Before doing so, let us recall how it is done for usual manifolds. In this case, one proceeds as
follows.

1. Define integration of compactly supported (say, smooth) functions on a domain in R"™.

2. Find the transformation formula for the integral under change of coordinates (i.e. discover the
factor |J|, where J is the Jacobian).

3. Define a density on a manifold to be a quantity which is locally the same as a function, but
multiplies by |J| under coordinate change (unlike true functions, which don’t multiply by anything).
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Then define integral of compactly supported functions on the manifold using partitions of unity. The
independence of the integral on the choices is guaranteed by the change of variable formula and the
definition of a density.

We will now realize this program for supermanifolds. We start with defining integration over super-
domains.

Let V = Vi @ Vi be a supervector space. The Berezinian of V is the line A*PVy @ APV, Suppose
that V is equipped with a nonzero element dv of the Berezinian (called a supervolume element).

Let Uy be an open set in Vg, and f € C®°(U) ® AV)* be a compactly supported smooth function
on the superdomain U := Uy x V4 (i.e. f =) fiQ@uw;, fi € C°(U), w; € AV, and f; are compactly
supported). Let dvg, dv1 be volume forms on Vy, V7 such that dv = dvy/dv;.

Definition 9.3. The integral [, f(v)dv is [, (f(v), (dvi)~")dvo.

It is clear that this quantity depends only on dv and not on dvy and dv; separately.
Thus, [ f(v)dv is defined as the integral of the suitably normalized top coefficient of f (expanded
with respect to some homogeneous basis of AV}*). To write it in coordinates, let &1, ..., &, be a linear

system of coordinates on V' such that dv = % (such coordinate systems will be called unimodular

with respect to dv). Then [ f(v)dv equals [ fiop(21,...,2n)dzy - - - dz,, where fiop is the coefficient of
& -+ &, in the expansion of f.

9.6. The Berezinian of a matrix. Now we generalize to the supercase the definition of determinant
(since we need to generalize Jacobian, which is a determinant).

Let R be a supercommutative ring. Fix two nonnegative integers m,n. Let A be an+m by n+m
matrix over R. Split A in the blocks A11, A12, A1, Ass so that Aj; is n by n, and Ay is m by m.
Assume that the matrices Aq1, Ass have even elements, while As; and A1 have odd elements. Assume
also that Ao is invertible.

Definition 9.4. The Berezinian of A is the element
- det(A11 — A12A521A21)

Ber(A) := et (Aa) eER

(where the determinant of the empty matrix is agreed to be 1; so for m = 0 one has BerA = det A, and
for n = 0 one has BerA = (det A)~1).

Remark. Recall for comparison that if A is purely even then
det(A) = det(A11 — A12A;21A21) det(AQQ).

The Berezinian has the following simpler description. Any matrix A as above admits a unique
factorization A = Ay AgA_, where Ay, Ay, A_ are as above, and in addition A, , A_ are block upper
(respectively, lower) triangular with 1 on the diagonal, while Ag is block diagonal. Then Ber(A) =
det((Ao)11)/ det((Ag)22).

Proposition 9.5. If A, B be matrices as above, then Ber(AB) = Ber(A)Ber(B).

Proof. From the definition using triangular factorization, it is clear that it suffices to consider the case
A=A_,B=DB;. Let X = (A_)21, Y = (By)12 (matrices with odd elements). Then the required
identity is
det(1 —Y(1+ XY) ' X) =det(1 + XY).
To prove this relation, let us take the logarithm of both sides and expand using Taylor’s formula. Then
the left hand side gives
=D (Y (14 XY)R(XY)IX) [k
k>1
Using the cyclic property of the trace, we transform this to
D Tr((1+ XY)R(XY)R) /k

k>1
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(the minus disappears since X,Y have odd elements). Summing the series, we find that the last
expression equals

~Trin(1— (1 + XY) ' XY) =Trin(1 + XY),
as desired. 0

The additive analog of Berezinian is supertrace. Namely, for A as above, sTrA = TrA;; — TrAgs. It
is the correct superanalogue of the usual trace, as it satisfies the equation sTr(AB) = sTr(BA) (while
the usual trace does not). The connection between the supertrace and the Berezinian is given by the
formula

Ber(e?) = ¢S4,

Exercise. Prove this formula.

9.7. Berezin’s change of variable formula. Let V' be a vector space, f € AV*, v € V. Denote by

g—i the result of contraction of f with v.

Let U,U’ be superdomains, and F' : U — U’ be a morphism. As explained above, given linear

coordinates z1,...,%n, &1, ..., Emon U and y1,...,Yp, M, ..., N on U’, we can describe f by expressing
y; and n; as functions of z; and §;. Define the Berezin matrix of F', A := DF(z,§) by the formulas:
yi 0y; on; on;
A = (=), Aia = (=), A1 = (=), Ao = (=—).
11 (8a:j)’ 12 (8£j)’ 21 (aa:j)’ 22 (8§j)

Clearly, this is a superanalog of the Jacobi matrix.
The main theorem of supercalculus is the following theorem.

Theorem 9.6. (Berezin) Let g be a smooth function with compact support on U’, and F : U — U’ be
an isomorphism. Let dv,dv’ be supervolume elements on U,U’. Then

/ g()dv = / 9(F(v))[BerDF (v)|dv,
’ U
where the Berezinian is computed with respect to unimodular coordinate systems.

Remark. If f(§) = a+terms containing &; then by definition |f(§)| := f(§) is a > 0 and —f(¢) if
a <0.

Proof. The chain rule of the usual calculus extends verbatim to supercalculus. Also, we have shown
that Ber(AB) = Ber(A)BerB. Therefore, if we know the statement of the theorem for two isomorphisms
Fy :Us — Uy and F; : Us — Us, then we know it for the composition Fj o Fb.

Let F(z1,.. . @n, &1,y &m) = (21,2, &, ..., &L,). From what we just explained it follows that
it suffices to consider the following cases.

1. «} depend only on z;, j =1,...,n, and & = &.

2. a2} = x; + z;, where z; lie in the ideal generated by ¢;, and & = &;.

3.z = x;.

Indeed, it is clear that any isomorphism F' is a composition of isomorphisms of the type 1,2, 3.

In case 1, the statement of the theorem follows from the usual change of variable formula. Thus it
suffices to consider cases 2 and 3.

In case 2, it is sufficient to consider the case when only one coordinate is changed by F, i.e. 2] = z1+z,
and x; = x; for ¢ > 2. In this case we have to show that the integral of

0z

g(xl +Z,$2,- .. al‘Tug)(l + 8—1'1) —g(w,g)

is zero. But this follows easily upon expansion in powers of z, since all the terms are manifestly total
derivatives with respect to x.

In case 3, we can also assume & = &;, ¢ > 2, and a similar (actually, even simpler) argument proves
the result. O
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9.8. Integration on supermanifolds. Now we will define densities on supermanifolds. Let M be a
supermanifold, and {U,} be an open cover of M together with isomorphisms f, : U, — U/, , where U/,
is a superdomain in R™™. Let gag : f3(Us NUp) — fa(Us NUs) be the transition map fafﬂ_l. Then
a density s on M is a choice of an element s, € C57(Uy) for each «, such that on U, N Ug one has
$9(2) = 5a(2)[Ber(gas)(f5(2))].

Remark. It is clear that a density on M is a global section of a certain sheaf on M, called the sheaf
of densities.

Now, for any (compactly supported) density w on M, the integral f o w is well defined. Namely, it
is defined as is usual calculus: one uses partition of unity ¢, such that Supp¢, C (U, )o are compact
subsets, and sets wa = fM Pow (where the summands can be defined using f,). Berezin’s
theorem guarantees then that the final answer will be independent on the choices made.

9.9. Gaussian integrals in an odd space. Now let us generalize to the odd case the theory of
Gaussian integrals, which was, in the even case, the basis for the path integral approach to quantum
mechanics and field theory.

Recall first the notion of Pfaffian. Let A be a skew-symmetric matrix of even size. Then the
determinant of A is the square of a polynomial in the entries of A. This polynomial is determined by
this condition up to sign. The sign is usually fixed by requiring that the polynomial should be 1 for the

direct sum of matrices (_01 (1)

denoted PfA. The Pfaffian obviously has the property Pf(X7 AX) = Pf(A)det(X) for any matrix X.
Let now V be an 2m-dimensional vector space with a volume element dv, and B a skew-symmetric
bilinear form on V. We define the Pfaffian PfB of B to be the Pfaffian of the matrix of B in any
unimodular basis by the above transfoamtion formula, it does not depend on the choice of the basis).
It is easy to see (by reducing B to canonical form) that
A™B

). With this convention, this polynomial is called the Pfaffian of A and

In terms of matrices, this translates into the following (well known) formula for the Pfaffian of a skew

symmetric matrix of size 2m:
Pf(A) = Z o H i (i)
o€ll,y, i€{1,....2m},i<o (i)

where II,, is the set of pairings of {1,...,2m}, and ¢, is the sign of the permutation sending 1,...,2m
t0 41,0(41), .+, im, 0 (im) (where i, < o(i,) for all r). For example, for m = 2 (i.e. a 4 by 4 matrix),

Pf(A) = a12a34 + a14a23 — a13a24.

Now consider an odd vector space V of dimension 2m with a volume element d§. Let B be a
symmetric bilinear form on V' (i.e. a skewsymmetric form on IIV). Let &1, ..., 2, be unimodular linear
coordinates on V' (i.e. d§ = d& A+~ Ad&p). Thenif £ = (&1,. .., &) then B(, ) = 3, ; bi;&i&;, where
b;; is a skewsymmetric matrix.

Proposition 9.7.
/ 3B (de)" = PE(B).
1%

Proof. The integral equals %;g, which is Pf(B). O

Example. Let V is a finite dimensional odd vector space, and Y = V @ V*. The space Y has
a canonical volume element dvdv*, defined as follows: if ej,..., e, be a basis of V and eJ,..., e is
the dual basis of V* then dvdv* = e; Aej--- Aen Ael. Let dy = (dvdv*)~! be the corresponding
supervolume element.

Let A:V — V be a linear operator. Then we can define an even smooth function S on the odd
space Y as follows: S(v,v*) = (Av,v*). More explicitly, if & be coordinates on V' corresponding to the
basis e;, and 7; the dual system of coordinates on V*, then

S(Er s s ) = 3 @i,
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where (a;i;) is the matrix of A in the basis e;.

Proposition 9.8.
/ edy = det A
Y

Proof. We have S(v,v.) = £B((v,v,), (v,v4)), where B is the skew form on IIY, which is given by the
formula B((v,v*), (w,w*)) = (Av,w*) — (Aw, v*). It is easy to see that Pf(B) = det(A), so Proposition
9.8 follows from Proposition 9.7.

Another proof can be obtained by direct evaluation of the top coefficient. O

9.10. The Wick formula in the odd case. Let V be a 2m-dimensional odd space with a volume
form d¢, and B € S?V a nondegenerate form (symmetric in the supersense and antisymmetric in the
usual sense). Let A1,...,\, be linear functions on V' (regarded as the usual space). Then \1,...,\,
can be regarded as odd smooth functions on the superspace V.

Theorem 9.9.
/ M (€) -+ An(€)e FBED ()1 = PE(—B)PE(B~1(\;, \))).
\%

(By definition, this is zero if n is odd). In other words, we have:

/V M) A(€e 2P0 =Pi(-B) Y &, 11 (B71 (i, Aoi)))-

o€ll,  i€{l,....2m},i<o (i)

Proof. We prove the second formula. Choose a basis e; of V' with respect to which the form B is
standard: Blej,e;) = 1if j = 2i — 1,1 = 24, and B(e;, ¢;) = 0 for other pairs j < [. Since both sides
of the formula are polylinear with respect to A1, ..., Ay, it suffices to check it if Ay =€} ,..., A\p = €] .
This is easily done by direct computation (in the sum on the right hand side, only one term may be

nonzero). O
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10. QUANTUM MECHANICS FOR FERMIONS

10.1. Feynman calculus in the supercase. Wick’s theorem allows us to extend Feynman calculus
to the supercase. Namely, let V' = 1 & V; be a finite dimensional real superspace with a supervolume
element dv, equipped with a symmetric nondegenerate form B = By @ By (Bg > 0). Let S(v) =

$B(v,v) + > >3 W be an even function on V (the action). Note that B,, r > 3 can contain
mixed terms involving both odd and even variables, e.g. x£1&2 (the so called “Yukawa term”). We will

consider the integral
/ El UO n('UO))\l (’Ul) )‘p(vl)e_s(v)/hdv.

(where vy, v1 are the even and odd components of v). Then this integral has an expansion in & written
in terms of Feynman diagrams. Since v has both odd and even part, these diagrams will contain “odd”
and “even” edges (which could be depicted by straight and wiggly lines respectively). More precisely,
let us write

T
B, (v,v,...,v) = Z <S> Bsr—s(v1,...,v1,00,...,0),

s=0

where B; ,_, has homogeneity degree s with respect to v1 and r — s with respect to vg (i.e. it will be
nonzero only for even s). Then to each term B;,_s we assign an (s, — s)-valent flower, i.e. a flower
with s odd and r — s even outgoing edges, and for the set of odd outgoing edges, it has been specified
which orderings are even. Then, given an arrangement of flowers, for every pairing o of outgoing edges,
we can define an amplitude F,, by contracting the tensors —B; ,_s (and being careful with the signs).
It is easy to check that all pairings giving the same graph will contribute to I(%) with the same sign,
and this we have almost the same formula as in the bosonic case:

im dim VO dim V3 Pf
I(h) = (2m) "m0 /2 " BO Z
r

\Aut Fr,

where the summation is taken over graphs with n even and p odd outgoing edges.

Remark. More precisely, we can define the sign €, of a pairing o as follows: label outgoing edges
by 1,..., starting from the first flower, then second, etc., so that the labeling is even on each flower.
Then write the labels in a sequence, enumerating (in any order) the pairs defined by o (the element
with the smaller of the two labels goes first). The sign ¢, is by definition the sign of this ordering (as
a permutation of 1,...). Then Fr is F, for any pairing o yielding I" which is positive, i.e. such that
€, = 1. For negative pairing, It = —F}.

In most (but not all) situations considered in physics, the action is quadratic in the fermionic vari-
ables, i.e. S(v) = Sy(vo) — Sy(vo)(v1,v1), where Sy(vo) is a skew-symmetric bilinear form on ITV;. In
this case, using fermionic Wick’s theorem, we can perform exact integration with respect to v1, and
reduce I(A) to a purely bosonic integral. For example, if we have only ¢; and no \;, we have

I(h) = [ l1(v0)- - Lulve)e™ S OMPE(S t (vg))duo.
Vo

In this situation, all vertices which have odd outgoing edges, will have only two of them, and therefore
in any Feynman diagram with even outgoing edges, odd lines form nonintersecting simple curves, called
fermionic loops (in fact, the last formula is nothing but the result of regarding these loops as a new kind
of vertices — convince yourself of this). In this case, there is the following simple way of assigning signs
to Feynman diagrams. For each vertex with two odd outgoing edges, we orient the first edge inward
and the second one outward. We allow only connections (pairings) that preserve orientations (so the
fermionic loops become oriented). Then the sign is (—1)", where r is the number of fermionic loops
(i.e. each fermionic loop contributes a minus sign).

10.2. Fermionic quantum mechanics. Let us now pass from finite dimensional fermionic integrals
to quantum mechanics, i.e. integrals over fermionic functions of one (even) real variable t.

Let us first discuss fermionic classical mechanics, in the Lagrangian setting. Its difference with the
bosonic case is that the “trajectory” of the particle is described by an odd, rather than even, function
of one variable, i.e. ¢ : R — IIV, where V is a vector space. Mathematically this means that the space
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of fields (=trajectories) is an odd vector space IIC*°(R, V). A Lagrangian £(v) is a local expression in
such a field (i.e. a polynomial in 9, 0, .. .), and an action is the integral S = fR Ldt. This means that
the action is an element of the space AC§°(R, V')*.

Consider for example the theory of a single scalar-valued free fermion ¢ (t). By definition, the
Lagrangian for such a theory is £ = %1/)1/}, i.e. the action is S = % fq/)@/}dt.

This Lagrangian is the odd analog of the Lagrangian of a free particle, ¢ /2.

Remark. Note that o) # %(1&2/2) = 0, since Y1) = —h1p, so this Lagrangian is “reasonable”. On
the other hand, the same Lagrangian would be unreasonable in the bosonic case, as it would be a total
derivative, and hence the action would be zero. Finally, note that it would be equally unreasonable to
use in the fermionic case the usual bosonic Lagrangian 1 (¢? — m?¢?®); it would identically vanish if ¢
were odd-valued.

The Lagrangian £ is invariant under the group of reparametrizations Diff ; (R), and the Euler-
Lagrange equation for this Lagrangian is w = 0 (i.e. no dynamics). Theories with such properties
are called topological field theories.

Let us now turn to quantum theory in the Lagrangian setting, i.e. the theory given by the Feynman
integral [4(t1) - P(t,)e (¥) D). In the bosonic case, we “integrated” such expressions over the space
C§°(R). This integration did not make immediate sense because of failure of measure theory in infinite
dimensions. So we had to make sense of this integration in terms of ii-expansion, using Wick’s formula
and Feynman diagrams. In the fermionic case, the situation is analogous. Namely, now we must
integrate functions over IIC§° (R), which are elements of AD(R), where D(R) is the space of distributions
on R. Although in the fermionic case we don’t need measure theory (as integration is completely
algebraic), we still have trouble defining the integral: recall that by definition the integral should the
top coefficient of the integrand as the element of AD(R), which makes no sense since in the exterior
algebra of an infinite dimensional space there is no top component. Thus we have to use the same
strategy as in the bosonic case, i.e. Feynman diagrams.

Let us, for instance, define the quantum theory for a free scalar valued fermion, i.e one described by
the Lagrangian £ = %@MJ According to the yoga we used in the bosonic case, the two point function of
this theory < (1)1 (t2) > should be the function G(t; —t2), where G is the solution of the differential
equation —i 2 = §(1).

The general solution of this equation has the form G(t) = f%isign(t) + C. Because of the fermionic
nature of the field (t), it is natural to impose the requirement that G(—t) = —G(t), i.e that the
correlation functions are antisymmetric; this singles out the solution G(t) = —4-sign(t) (we also see

from this condition that we should set G(0) = 0). As usual, the 2n-point correlation functions are
defined by the Wick formula. That is, for distinct ¢;,

< Y(ty) - Y(tan) >= (2n — 1)N(i/2)"sign(o),

where o is the permutation that orders ¢; in the decreasing order. If at least two points coincide, the
correlation function is zero.

Thus we see that the correlation functions are invariant under Diff | (R). In other words, using
physical terminology, we have a topological quantum field theory.

Note that the correlation functions in the Euclidean setting for this model are the same as in the
Minkowski setting, since they are (piecewise) constant in ¢;. In particular, they don’t decay at infinity,
and hence our theory does not have the clustering property.

We have considered the theory of a massless fermionic field. Consider now the massive case. This
means, we want to add to the Lagrangian a quadratic term in ¥ which does not contain derivatives. If
we have only one field v, the only choice for such term is 42, which is zero. So in the massive case we
must have at least two fields. Let us therefore consider the theory of two fermionic fields 1, 9o with
Lagrangian

1 . .
L= §(¢1¢1 + 1hathy — ma1eha),
where m > 0 is a mass parameter. The Green’s function for this model satisfies the differential equation

G — MG =i,
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where M = (_Om 7(7;) (and G is a 2 by 2 matrix valued function). The general solution of this
equation that satisfies the antisymmetry condition G*(—t) = —G(¢) (which we will impose as in the

massless case) has the form
1
G(t) = —(;sign(t)] +aM)eMt,
i

where I is the identity matrix, and a is a number. Furthermore, it is natural to require that the theory
at hand satisfies the clustering property (after being Wick-rotated). This means, G(—it) decays at
infinity for real t. It is easy to compute that this condition is satisfied for only one value of a, namely
a = 1/2m. For this value of a, the solution has the form G(t) = FiPye "M for Ft > 0, where Py is
the projector to the eigenspace of M with eigenvalue +im (and G(0) = 0).

Remark. It is easy to generalize this analysis to the case when 1) takes values in a positive definite
inner product space V, and M : V — V is a skewsymmetric operator, since such a situation is a direct
sum of the situations considered above.

In the case when M is nondegenerate, one can define the corresponding theory with interactions,
i.e. with higher than quadratic terms in 1. Namely, one defines the correlators as sums of amplitudes
of appropriate Feynman diagrams. We leave it to the reader to work out this definition, by analogy
with the finite dimensional case which we have discussed above.

10.3. Super Hilbert spaces. The space of states of a quantum system is a Hilbert space. As we plan
to do Hamiltonian quantum mechanics for fermions, we must define a superanalog of this notion.
Recall that a sesquilinear form on a complex vector space is a form (,) which is additive in each
variable, and satisfies the conditions (az,y) = a(x,y), (z,ay) = a(z,y) for a € C.
Now suppose H = Ho @ H; is a Z/2-graded complex vector space.

Definition 10.1. (i) A Hermitian form on H is an even sesquilinear form (, ), such that (z,y) = (y, x)
for even x,y, and (z,y) = —(y,z) for odd z, y.

(ii) A Hermitian form is positive definite if (2, 2) > 0 for even x # 0, and —i(x,x) > 0 for odd x # 0.
A super Hilbert space is a superspace with a positive definite Hermitian form (, ), which is complete in
the corresponding norm.

(iii) Let H be a super Hilbert space, and T : Ho & IIH; — Ho @ II'H; be a linear operator between
the underlying purely even spaces. The Hermitian adjoint operator T* is defined by the equation
(z,Ty) = (—=1)P@PT)(T*2 5), where p denotes the parity.

10.4. The Hamiltonian setting for fermionic quantum mechanics. Let us now discuss what
should be the Hamiltonian picture for the theory of a free fermion. More precisely, let V' be a positive
definite finite dimensional real inner product space, and consider the Lagrangian £ = %((z{;,z{;) —
(¥, M), where v : R = IIV, and M : V — V is a skew-symmetric operator.

To understand what the Hamiltonian picture should be, let us compare with the bosonic case.
Namely, consider the Lagrangian £, = %(q’2 — m?¢?), where ¢ : R — V. In this case, the classical
space of states is Y := T*V = V @ V*. The equations of motion are Newton’s equations § = —m?q,
which can be reduced to Hamilton’s equations ¢ = p, p = —m?2q. The algebra of classical observables is
C*(Y"), with Poisson bracket defined by {a,b} = (a,b), a,b € Y*, where (,) is the form on Y* inverse
to the natural symplectic form on Y. The hamiltonian H is determined (up to adding a constant) by
the condition that the equations of motion are f = {f, H}; in this case it is H = (p* + m?q¢?)/2.

The situation in the fermionic case is analogous, with some important differences which we will
explain below. Namely, it is easy to compute that the equation of motion (i.e. the Euler-Lagrange
equation) is w = M. The main difference with the bosonic case is that this equation is of first and
not of second order, so the space of classical states is just IIV (no momentum or velocity variables are
introduced). Hence the algebra of classical observables is C*°(IIV)) = AV*. To define a Poisson bracket
on this algebra, recall that IIV has a natural “symplectic structure”, defined by the symmetric form
(,) on V. Thus we can define a Poisson bracket on AV* by the same formula as above: {a,b} = (a,b).
More precisely, {, } is a unique skew symmetric (in the supersense) bilinear operation on AV* which
restricts to (a,b) for a,b € V*, and is a derivation with respect to each variable:

{a,bc} = {a,b}c+ (—1)p(“)p(b)b{a,c},
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where p(a) denotes the parity of a.

Now it is easy to see what should play the role of the Hamiltonian. More precisely, the definition with
Legendre transform is not valid in our situation, since the Legendre transform was done with respect to
the velocity variables, which we don’t have in the fermionic case. On the other hand, as we discussed
in §8, in the bosonic case the equation of motion f = {f, H} determines H uniquely, up to a constant.
The situation is the same in the fermionic case. Namely, by looking at the equation of motion z/) = My,
it is easy to see that the Hamiltonian equals H = %(1/), M4). In particular, if M = 0 (massless case),
the Hamiltonian is zero (a characteristic property of topological field theories).

Now let us turn to quantum theory. In the bosonic case the algebra of quantum observables is a
noncommutative deformation of the algebra C°°(Y') in which the relation {a,b} = (a,b) is replaced
with its quantum analog ab — ba = i(a,b) (up to the Planck constant factor which we will now ignore).
In particular, the subalgebra of polynomial observables is the Weyl algebra W (Y'), generated by Y*
with this defining relation. By analogy with this, we must define the algebra of quantum observables
in the fermionic case to be generated by V* with the relation ab + ba = i(a,b) (it deforms the relation
ab + ba = 0 which defines AV*). So we recall the following definition.

Definition 10.2. Let V' be a vector space over a field k with a symmetric bilinear form . The Clifford
algebra Cl(V, Q) is generated by V with defining relations ab + ba = Q(a,b), a,b € V.

We see that the algebra of quantum observables should be CI(V{¥,i(,)). Note that like in the classical
case, this algebra is naturally Z/2 graded, so that we have even and odd quantum observables.

Now let us see what should be the Hilbert space of quantum states. In the bosonic case it was L%(V),
which is, by the well known Stone-von Neumann theorem, the unique irreducible unitary representation
of W(Y'). By analogy with this, in the fermionic case the Hilbert space of states should be an irreducible
even unitary representation of C1(V') on a supervector space H.

The structure of the Clifford algebra CI(V*) is well known. Namely, consider separately the cases
when dim V is odd and even.

In the even case, dimV = 2d, CI(V*) is simple, and has a unique irreducible representation H,
of dimension 2¢. It is constructed as follows: choose a decomposition Ve = L @ L*, where L, L* are
Lagrangian subspaces. Then H = AL, where L C V& acts by multiplication and L* by differentiation
(multiplied by —i). The structure of the superspace on H is the standard one on the exterior algebra.

In the odd case, dim V' = 2d + 1, choose a decomposition Vo = L @& L* @ K, where L, L* are maximal
isotropic, and K is a nondegenerate 1-dimensional subspace orthogonal to L and L*. Let H = A(L® K),
where L, K act by multiplication and L* by (—i times) differentiation. This is a representation of CI(V*)
with a Z/2 grading. This representation is not irreducible, and decomposes in a direct sum of two non-
isomorphic irreducible representations H4 @ H_ (this is related to the fact that the Clifford algebra
for odd dim V' is not simple but is a sum of two simple algebras). However, this decomposition is not
consistent with the Z/2-grading, and therefore as superrepresentation, M is irreducible.

Now, it is easy to show that both in the odd and in the even case the space H carries a unique up to
scaling Hermitian form, such that V* C V¥ acts by selfadjoint operators. This form is positive definite.
So the situation is similar to the bosonic case for any dim V.

Let us now see which operator on H should play the role of the Hamiltonian of the system. The
most natural choice is to define the quantum Hamiltonian to be the obvious quantization of the classical
Hamiltonian H = 3 (¢, Mv). Namely, if €; is a basis of V* and a;; is the matrix of M in this basis, then
one sets H = % ZZ ; i €iE ;. To compute this operator more explicitly, we will assume (without loss of
generality) that the decomposition of V¢ that we chose is stable under M. Let §; be an eigenbasis of
M in L (with eigenvalues im;), and 9; be differentiations along the vectors of this basis. Then

H =Y m(&o; —0;¢) =y m;(2£;0; — 1).
j J

This shows that if dim V' is even then the partition function on the circle of length L for our theory is
Z = sTr(e*Lﬁ) = H(emiL — e mily
J
If the dimension of V is odd then the partition function is zero.
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Now we would like to consider the fermionic analog of the Feynman-Kac formula. For simplicity
consider the fully massive case, when dim V' is even and m; # 0 (i.e. M is nondegenerate). In this case,

we have a unique up to scaling lowest eigenvector of H , namely Q = 1.

Let ¥(0) € V ® End(H) be the element corresponding to the action map V* — End(H), and
P(t) = e™ap(0)e . Also, let < (t1)---1(t,) >, t1 > -+ > t,, be the correlation function for
the free theory in the Lagrangian setting, taking values in V™, so in this expression 9 (t;) is a formal
symbol and not an operator.

Theorem 10.3. (i) For the free theory on the line we have
<Y(tr) - P(tn) >= (Q0(t1) - Y (tn) Q).
(ii) For the free theory on the circle of length L we have

STR(t(t1) - ¢(tn)e” 1)
sTr(e—LH)

<p(tr) - P(tn) >=

Exercise. Prove this theorem. (The proof is analogous to Theorem 8.3 in the free case).

It should now be straightforward for the reader to formulate and prove the Feynman-Kac formula
for an interacting theory which includes both bosonic and Fermionic massive fields. We leave this as
an instructive exercise.
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11. FREE FIELD THEORIES IN HIGHER DIMENSIONS

11.1. Minkowski and Euclidean space. Now we pass from quantum mechanics to quantum field
theory in dimensions d > 1. As we explained above, we have two main settings.

1. Minkowski space. Fields are functions on a spacetime V), which is a real inner product space of
signature (1,d — 1). This is where physical processes actually “take place”. The symmetry group of V,
G = SO(1,d — 1), is called the Lorenz group; it is the group of transformation of spacetime in special
relativity. Therefore, field theories in Minkowski space which are in an appropriate sense “compatible”
with the action of G are called relativistic.

Recall some standard facts and definitions. The light cone in V' is the cone described by the equation
[v|? = 0, where |v|? := (v, V). Vectors belonging to the light cone are called lightlike. The light cone
divides the space V into spacelike vectors |v|®> < 0 (the outside of the cone), and timelike vectors
[v|? > 0 (inside the cone). We will choose one of the two components of the interior of the cone and
call it positive; it will be denoted by V. The opposite (negative) component is denoted by V_. The
group of g € SO(V) = SO(1,d — 1) which preserve V, is denoted by SO, (1,d — 1); it is the connected
component of the identity of the group SO(1,d — 1) (which has two connected components).

Often (e.g. when doing Hamiltonian field theory) it is necessary to split V' in an orthogonal direct
sum V = V; ® R of space and time. In this decomposition, the space V; is required to be spacelike
(i.e. negative definite), which implies that the time axis R has to be timelike (positive definite). Note
that such a splitting is not unique, and that fixing it breaks the Lorenz symmetry SO+ (1,d — 1) down
to the usual rotation group SO(d — 1). To do explicit calculations, one further chooses Cartesian
coordinates x1,...,x4_1 on Vs and t on the time axis R.

2. Euclidean space. Fields are functions on a spacetime Vg, which is a positive definite inner product
space. It plays an auxiliary role and has no direct physical meaning, although path integrals computed
in this space are similar to expectation values in statistical mechanics.

The two settings are related by the “Wick rotation”. Namely the Euclidean space Vg corresponding
to the Minkowski space Vi is the real subspace in (Vas)C consisting of vectors (it, x1, ..., z4—1, where
t and x; are real. In other words, to pass to the Euclidean space one needs to make a change of variable
t — it. Note that under this change, the standard metric on the Minkowski space, dt? — Y dz?, goes
into a negative definite metric —dt? — " dx?. However, the minus sign is traditionally dropped and one
considers instead the positive metric dt? + ) dz? on V.

11.2. Free scalar bosons. Consider the theory of a free scalar bosonic field ¢ of mass m. The pro-
cedure of quantization of this theory in the Lagrangian setting is a straightforward generalization
from the case of quantum mechanics. Namely, the Lagrangian for this theory in Minkowski space is
L = ((dp)? —m?¢?), and the Euler-Lagrange equation is (¢ = —m?¢, where [J is the D’Alambertian,

0= g—; > %. Thus to define the corresponding quantum theory, we should invert the operator
0O+ m?2. As in the quantum mechanics case, this operator is not invertible (0 is in the spectrum), so
we should proceed using the Wick rotation.

After the Wick rotation (i.e. transformation ¢t — it), we arrive at the following Euclidean Lagrangian:
Lp= %((d¢)2+m2¢2), and the Euler-Lagrange equation is A¢ = m2@. So to define the quantum theory,

i.e. the path integral
/¢(f€1) - plan)e 5D

(where S = [ L), we now need to invert the operator A = —A + m?2. The operator A~! is an integral
operator, whose kernel is G(x — y), where G(x) is the Green’s function, i.e. the fundamental solution
of the differential equation

—AG+m’G =4
To solve this equation, note that the solution is rotationally invariant. Therefore, outside of the

origin, G(z) = g(|z|), where g is a function on (0, c0) such that

d—1
—g”—Tg'—i—ng:O
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(where the left hand side is the radial part of the operator A). This is a version of the Bessel equation.
If m > 0, the basis of solutions is 73" J p2-d (imr). (Actually, these functions are elementary for odd d).
There exists a unique up to scaling solution, which decays at infinity, namely,

g =Cr'= (Jaza (imr) +i%J_aa (imn), (d # 2).

For d = 2, this expression is zero, and one should instead take the limit of the right hand side divided
by d — 2 as d — 2 (which will generate a logarithmic factor Inr). The normalizing constant C' can be
found from the condition that AG = 4.

Remark. It is easy to check that for d = 1 this function equals the familiar Green’s function for
quantum mechanics, e=™" /2m.

If m = 0 (massless case), the basis of solutions is: 1,7 for d = 1, 1,Inr for d = 2, and 1,72~ for
d > 2. Thus, if d < 2, we don’t have a decaying solution and thus the corresponding quantum theory
will be deficient: it will not satisfy the clustering property. On the other hand, for d > 2 we have a
unique up to scaling decaying solution g = Cr'=%. The constant C is found as in the massive case.

The higher correlation functions are found from the 2-point function via the Wick formula, as usual.

We should now note a fundamental difference between quantum mechanics and quantum field theory
in d > 1 dimensions. This difference comes from the fact that while for d = 1, the Green’s function
G(x) is continuous at & = 0, for d > 1 it is singular at = 0. Namely, G(x) behaves like C|z|>~? as
x — 0 for d > 2, and as C'ln |z| as d = 2. Thus for d > 1, unlike the case d = 1, the path integral

/ d(x1) - p(wn)e 5P Do

(as defined above) makes sense only if x; # x;. In other words, this path integral should be regarded
not as a function but rather as a distribution. Luckily, there is a canonical way to do it, since the
Green’s function G(z) is locally L.

Now we can Wick rotate this theory back into the Minkowski space. It is clear that the Green’s
function will then turn into Ga(z) = g(+/|z|? + ie), The higher correlation functions, as before, are
determined from this by the Wick formula.

Actually, it is more convenient to describe this theory “in momentum space”, where the Green’s
function can be written more explicitly. Namely, the Fourier transform G(p) of the distribution G(z)
is a solution of the equation

PG+ m?G =1,
obtained by Fourier transforming the differential equation for G. Thus,

A 1
G(p) = 2 +m?

as in the quantum mechanics case. Therefore, like in quantum mechanics, the Wick rotation produces

the distribution .
. i
G =)
w (p) p? —m? +ie
which is the Fourier transform of G ().

11.3. Spinors. To consider field theory for fermions, we must generalize to the case of d > 1 the basic
fermionic Lagrangian %wdd—lf. To do this, we must replace % by some differential operator on V. This
operator should be of first order, since in fermionic quantum mechanics it was important that the
equations of motion are first order equations. Clearly, it is impossible to define such an operator so that
the Lagrangian is SO, (V)-invariant, if ¢ is a scalar valued (odd) function on V. Thus, a fermionic
field in field theory of dimension d > 1 cannot be scalar valued, but rather must take values in a real
representation S of SO, (V), such that there exists a nonzero intertwining operator V- — Sym?$*. This
property is satisfied by spinor representations. They are indeed basic in fermionic field theory, and we
will now briefly discuss them (for more detail see “Spinors” by P.Delignee, in “QFT and string theory:
a course for mathematicians”).

First consider the complex case. Let V be a complex inner product space of dimension d > 1. Let
Cl(V) be the Clifford algebra of V', defined by the relation &én+n& = 2(£,n), §,n € V. As we discussed,
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for even d it is simple and has a unique irreducible representation S of dimension 24/2, while for odd d
it has two such representations S’, S” of dimension 2(4~1/2 Tt is easy to show that the space C'Lo(V)
of quadratic elements of CL(V') (i.e. the subspace spanned elements of the form &n —n&,&,n € V) is
closed under bracket, and constitutes the Lie algebra o(V'). Thus o(V) acts on S (respectively, S’, S”).
This action does not integrate to an action of SO(V'), but integrates to an action of its double cover
Spin(V).

If d is even, the representation S of Spin(V) is not irreducible. Namely, recall that S is the exterior
algebra of a Lagrangian subspace of V. Thus is splits in a direct sum S = S, & S_ (odd and even
elements). The subspaces S, S_ are subrepresentations of S, which are irreducible. They are called
half-spin representations.

If d is odd, the representations S’ and S” of Spin(V') are irreducible and isomorphic. Any of them
will be denoted by S and called the spinor representation. Thus, we have the spinor representation S
for both odd and even d, but for even d it is reducible.

An important structure attached to the spinor representation S is the intertwining operator I' : V' —
EndS, given by the action of V' C CI(V') in S. This intertwiner allows us to define the Dirac operator

B)
D:ZFia_xi

where z; are coordinates on V' associated to an orthonormal basis e;, and I'; = I'(e;). This operator
acts on functions form V to S, and D? = A, so D is a square root of the Laplacian. The matrices I';
are called I' matrices.

Note that for even d, one has I'(v) : S+ — S¢, so D acts from functions with values in Sy to
functions with values in S.

By a spinor representation of Spin(V) we will mean any linear combination of S;,S_ for even d,
and any multiple of S for odd d. Thus, for every spinor representation we have I'(v) : Y — Y’ where
S :=S_and S’ =85, ,and ' :=S.

Now assume that V is a real inner product space with Minkowski metric. In this case we can define
the group Spin, (V') to be the preimage of SO (V) under the map Spin(Ve) — SO(V¢). It a double
cover of SO, (V) (if d = 2, this double cover is disconnected and actually a direct product by Z/2).

By a real spinor representation of SO (V) we will mean a real representation Y such that Y is a
spinor representation of Spin(V¢).

11.4. Fermionic Lagrangians. Now let us consider Lagrangians for a spinor field ¢ with values in
a spinor representation Y. As the Lagrangian is supposed to be real in the Minkowski setting, we
will require in that case that Y is real. First of all, let us see what we need in order to write the
“kinetic term” (¢, D). Clearly, to define such a term (so that it is nonzero), we need an invariant
nondegenerate pairing (, ) between Y and Y’ such that the for any v € V, the bilinear form (z,T'(v)y)
on Y is symmetric.

Let us find for which Y this is possible (for complex V). The behavior of Spin groups depends on d
modulo 8. Thus we will list the answers labeling them by d mod 8 (they are easily extracted from the
tables given in Deligne’s text).

O. n(S+ (&) S_)
nsS.

. nS+ @ kS,
nsS.

. n(Sy ®S-).
2nsS.

. 2nS, @ 2kS_.

7. 28S.

Let us now find when we can also add a mass term. Recall that the mass term has the form (i, M),
so it corresponds to an invariant skew-symmetric operator M : Y — Y™*. Let us list those Y from the
above list, for which such nondegenerate operator exists.

1. 2nS.
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. n(Sy ®S-).
nsS.

. n(S+ D S_)
2nS.

2n(Sy @ So).
. 28.

To pass to the real Minkowski space (in both massless and massive case), one should put the additional
requirement that Y should be a real representation.

We note that upon Wick rotation to Minkowski space, it may turn out that a real spinor represen-
tation Y will turn into a complex representation which has no real structure. Namely, this happens for
massless spinors that take values in S1 if d = 2 mod 8. These representations have a real structure for
Minkowskian V' (i.e. for SO (1,d — 1)), but no real structure for Euclidean V' (i.e. for SO(d)). This is
quite obvious, for example, when d = 2 (check!).

One may think that this causes a problem in quantum field theory, where we would be puzzled what
to integrate over — real or complex space. However, the problem in fact does not arise, since we have
to integrate over fermions, and integration over fermions (say, in the finite dimensional case) is purely
algebraic and does not make a distinction between real and complex.

11.5. Free fermions. Let us now consider a free theory for a spinor ¢ : V. — IIY, where Y is a
spinor representation, defined by a Lagrangian £ = %((w,Dw) — (¢, Mv))), where M is allowed to be
degenerate (we assume that Y is such that this expression makes sense). The equation of motion in
Minkowski space is Dy = M1). where we have identified Y’ and Y* using the pairing Y x Y’ — R used
to define the kinetic term. Thus, to define the corresponding quantum theory, we need to invert the
operator D — M. As usual, this cannot be done because of a singularity, and we have to consider the
Wick rotation.

The Wick rotation produces the Euclidean Lagrangian £ = 1((1), D)) + (¢, Mv)) (note that the i
in the kinetic term is hidden in the definition of the Euclidean Dirac operator). We invert Dg + M, to
obtain the Euclidean Green’s function. To do this, it is convenient to go to momentum space, i.e. perform
a Fourier transform. Namely, after Fourier transform D g turns into the operator ip, where p = > p;I';,
and p; are the operators of multiplication by the coordinates p;. Thus, the Green’s function (i.e. the
2-point function) G(z) € Hom(Y”,Y) is the Fourier transform of the matrix-valued function ipﬁ. Let
M?T .Y’ —Y be the operator such that I';M = M'T;. Then, (—ip + M")(ip + M) = p* + MTM, so
that

G(p) = (p* + MTM) ™' (—ip + M),
This shows that G(z) is expressed through the Green’s function in the bosonic case by differentiations
(how?). After Wick rotation back to the Minkowski space, we get

Gu(p) = (p* — MTM +ie) Y (p+iMT).

Finally, the higher correlation functions, as usual, are found from the Wick formula.



Homework 1; due Tuesday, Sept. 17

1. Write a complete proof of Theorem 1.1. (i.e. fill the gaps left in the lecture
notes)

2* (slightly harder). Prove Theorem 1.2.

3. Calculate fow sin” (z)dx for nonnegative integers n, using integration by parts.
Then apply stationary phase to this integral, and discover a formula for 7 (the so
called Wallis formula).

4. Prove that if the potential for a moving particle is U(q) = —B(q, q), where B
is a nonnegative definite symmetric bilinear form on a Euclidean space V', then for
any qi,q2 € V and t1 < ty € R there exists a unique solution of the Newton equation
with ¢(t1) = ¢1 and ¢(t2) = g2. Show that it provides not only an extremum but
also a minimum for the action with these boundary conditions. What happens if
B is not nonnegative?



